1 Probability and random variables

Probability: S sample space (all possible states of the system), F C P(S)
a o-algebra, P : F — R a measure, such that P(S) = 1.

Random variable: X : S — R, such that preimages of open sets are in
F (i.e. has a well defined probability).

Cumulative distribution function of random variable: Fx(¢) = P(X <
t).

Probability distribution of random variable: ¢ such that Fx(t) =
Zxﬁt,xec’ g(m)

Probability density function: f such that Fx(t) = fioo f(s)ds.

Two random variables have the same distribution if they have the same
cdf.

Example: uniform distribution:

1.1

S a finite interval [a, b]

F': Set of Borel sets on S (sets with a well defined “length”)
P: Borel measure (“length”) divided by b — a

X =1id.

Expectation of random variables and their functions
X is a random variable, the expectation of X is E[X] = [ XdP.
The variance of X is E[(X — E[X])?].
The k-th moment of X is E[X*].

The moment generating function of X is E[eX?] (two sided Laplace
transform)

The characteristic function of X is E[e!X] (Fourier transform)

Since expectation is defined via integration, one can use the properties of
integration to prove statements regarding expectation.

Example: Chebyshev’s theorem: E[X]| = 0, E[X?] = 1, then P(|X]| <
k)>1- 5.
Proof:

1= E[X? :/X%lpzk?/ 1dP = k*(1 — P(|X| < k))
S JIX|>k



Example: If X has p.d.f. fx, then E[g(X)] = ffooo gfzdt. We prove it when
9(X) is bounded via Fubini’s theorem:

EMXH:LMXMP

9(X) 0
= / / 1dydP — / / 1dydP
g(x)>0Jo 9(X)<0 Jg(X)
0o 0
-] fxaay - [ [ Fx (t)dtdy
0 Jg=([y,00]) —oo Jg=1([~o0,y])

= / gfedt

There is a multivariate version of this formula, and one can also write down
E[g(X)] when only the c.d.f. of X is known (via Fubini’s theorem or integra-
tion by parts).

Can you write down a random variable with neither probability distribution
nor p.d.f.?

Can you write down a random variable with no expectation?

1.2 Independence and conditional probability for random
events

e A B € F are independent iff P(AN B) = P(A)P(B).
e If P(B) #0, P(ANB) = P(B)P(A|B). Here P(A|B) is the conditional
probability of A when B is known to happen.

1.3 Joint distribution, marginal distribution, conditional
distribution

1.3.1 Joint distribution

e X and Y are two random variables. The joint cumulative distribution
function is F(s,t) = P(X <s,Y <t).

o If F(s,t) = 3 (s yyecucsy<t 9(5,t), we call g the joint probability dis-
tribution. S

o If F(s,t) = f(_oo sx(=00,t] f(z,y)dxdy we call f the joint probability
density function.

e X and Y are called independent iff the joint c.d.f. is F(z,y) = Fx(z)Fy (y).
e The covariance between X and Y is E[(X — E[X])(Y — E[Y])]



Example: X and Y are two independent random variable with uniform
distribution on [0, 1]. What is the joint distribution function of X and Y'? How
about maz(X,Y) and min(X,Y)? What are their covariances?

1.3.2 Marginal distribution

Knowing the joint c.d.f. of X and Y, the c.d.f. of X or Y are called the
marginal cumulative distribution function, their p.d. or p.d.f. the marginal
p.d. or marginal p.d.f.

1.3.3 Conditional distribution

e If A is a set such that P(Y € A) > 0, then the conditional cumulative
distribution function of X is Fix|yca(t) = P(X <t[Y € A) = P(X <
tNY € A)/P(Y € A). The conditional p.d.f., conditional p.d. and
conditional expectation are defined similarly.

e If P(Y € A) = 0 there isn’t a definition of conditional distribution that
works in all cases. For example, if X,Y has joint p.d.f. fxy, and the
marginal p.d.f. of Y, denoted as fy(y) = fR fx,y(z,y)dz, exists and
is non zero at yg, then the conditional p.d.f. at Y = yg is defined as
Ix1y=yo = [x,v(x,90)/fy (o). The conditional c.d.f. is its integral.

Remark: The definition of conditional distribution for the case P(Y €
A) = 0 depends on Y and not just Y 1(A). For example, if Z = YeX,

Ix|y=0 # [x|2=0-

Example: X is a random variable with uniform distribution on [0,1], P(Y =
X =p)=p (ie. P(Y =1X € A) = [, pdF,(p)), P(Y =0|X =p) =1—-p.
Find the conditional distribution of X when ¥ = 1.

When there are N random variables, N > 3, the joint/marginal/conditional
distributions can be defined analogously.

2 Special probability distributions, central limit
theorem

2.1 Special discrete distributions
e Bernoulli distribution: f(1) =46, f(0)=1-6.

¢ Binomial distribution (sum of iid Bernoulli): f(z) = ( " >9I(1 -

T
OH* x=0,1,...,n.



2.2

Negative Binomial distribution (waiting time for the k-th success of

iid trials): f(z) = < z:% )Hk(l—ﬁ)m_k, x=kk+1,.... When k=1

it is the geometric distribution.

Hypergeometric distribution (randomly pick n elements at random
from N elements, the number of elements picked from a fixed subset of M

dements) )= (2 ) (N7 (2

Poisson distribution (limit of binomial as n — oo, nf — \) f(x) =

Ae™A !,

Multinomial distribution f(z1,...2x) = ( " > 07" ... 05",
L1yeees Tk

Multivariate Hypergeometric distribution f(z1,...,2;) =[], < M

() Smemmaney

n

Special continuous distributions

1/(b—a) =z € (a,b)
0 z ¢ (a,b)

_(@=w)?
1 e 202

Uniform distribution: f(z) = {

Normal distribution: f(z) =

o2

Multivariate Normal distribution: = € R%, ¥ positive definite d x d
symmetric matrix, f(z) = (2r)~¢/2|%|" /23 @-w 7 @—p),

x? distribution d: degrees of freedom. Squared sum of d normal distri-

1 a2 —x/2
butions: f(z) = eI a:>0.
0 e <0

%e_“‘/g x>0

Exponential distribution f(z) = .
p f(x) {0 5 <0

1 a—1_—z/8 >0
Gamma-distribution: f(z) = i’ ¢ r
0 <0

Beta distribution: (conjugate prior of Bernoulli distribution) f(z) =
{ I(a+B) oY1 —2)f~1 2€(0,1)

T(a)(8)
0 & (0,1)



2.3 Law of Large Numbers and Central Limit Theorem
2.3.1 Convergence
e Convergence in distribution: cdf pointwise convergence.
e Convergence almost surely: P(lim; X; # X) =0.
i it+1
1 IneZ(X+neXi, 5,250 %}).

0 otherwise
Then Y; converges to 0 in distribution but not almost surely.

Example: X uniformon [0,1],Y; =

2.3.2 CLT and weak LLN

Levy’s continuity theorem: If ¢x, — ¢x pointwise, then X; converges to
X in distribution.

Weak Law of Large Numbers X; ii.d. with expectation u. S, =
% o7, X;. Then S,, converges to p in distribution.

(Levy’s) Central Limit Theorem X i.i.d. with expectation p and vari-
ance 02 > 0. Y, = # > (X5 — ), then Y, converges in distribution to

standard normal distribution (normal distribution with g = 0 and o2 = 1).

Proof of both theorems (assume X; bounded): Taylor expansion of the char-
acteristic function.

One can also use the continuity of moment generating function, which is the
argument in the textbook.

2.3.3 Strong Law of Large Numbers

Borel-Cantelli Lemma A; events, i = 1,2,..., Y .(4;) < oo, then P(N;(U;>;4;)) =
0. (the probability of infinitely many A; happening is 0)

Proof: P(N;(Uj>i4;)) < P(Uj>iA;) < >_;-; P(A;) which converges to 0 as
1 — 00.

Strong Law of Large Numbers X;, i = 1,2,... i.i.d. (independent with
identical distribution) and E(X;) = p, then Y;, = £ 3" | X; converges a.s. to
constant .

Proof (assume X; bounded by M): Suppose Var(X;) = m. /2 (Y, —p) has
expectation 0 and variance 1, so P(|Y,, — u| > C\/™) < 1/C? by Chebyshev’s
theorem. Now let ny = k* Cy = k, then Y,,, = Y« converges a.s. to yu by
Borel-Cantelli.



n— ,,11/4 4
Yo = (104 st X oot X) /1= Yoot (M o+ L2
The first term converges to p as n — oo, and the second converges to 0.

3 Sample statistics

3.1 Some important distributions

e Standard Normal Distribution: N (0, 1)
e \?(k): squared sum of k independent standard normal distribution.

e t distribution: Z standard normal, Y ~ x?(k), Z and Y independent, then
T = —Z— is said to have t-distribution with & degrees of freedom.
VY/k
e F distribution: U and V independent, U ~ x?(m), V ~ x2(n), then

F= ({///7: is said to have F' distribution with degrees of freedom m and n,

3.2 Sample statistics

Xi,... X, iid. (independent with identical distributions). Sample statistics: a
random variable computed from n other random variables.

e Sample mean: X = ¥

— E[X] = E[X1], Var(X) = 2Var(Xy).
Proof:

E[X] = E[% ZXi] = % ZE[XA = E[X1]

Var(X) = E[(X — E[X1])?] = %E[Z(Xi — E[X,)?] = %Var(Xl)

K2

— It X1 ~ N(p,0%), X ~ N (p,0°/n).
Proof: By calculation using MGF.

— If n — oo, W(Y — E[X1]) converges to standard normal by

distribution.
Proof: This is just central limit theorem.

e Sample variance: 5? = -3 (X; — X)? = (3, X7 — nyz).

— E[S?] = Var(Xy).
Proof:

ni 1 ZE[(Xi_Y)Q] o i 1 ZE[(TLT—le_Z %Xj)z]

i

E[S?] =



= L (O e ey L - Y 2 e i)

_ 2
n-145 n i i
2
+ Z — E[X;]Elx]
i kg

= E[X?] - E[X1]? = Var(X))
— If X3 ~ N (u,0?), then

* X and S? are independent
Proof: Calculate joint cdf, do a change of variables.

* wfvxz(n—l)

o

Proof:

(n_;)s +n(X—£;2[X1]) _ %Z(Xi_E[Xl])Q NXQ(TL)

g g

Now use moment generating function and the independence be-
tween S? and X.

% SY/Q% ~t(n—1).
Proof: By definition of ¢-distribution.

— If S? is the sample variance of n; ii.d. N (u,0?) random variables
Y;, S2 the sample variance of ny i.i.d. N (y/,0"?) random variables

2 2

Z; independent from Y;, then ‘;{,;Z; ~ F(ni—1,ny—1)

2 2

Proof: By definition of F-distribution.

e Order statistics The k-th order statistics is the k-th smallest element in
{X;}, denoted as Yj. Then, if X; has pdf f, then

_d . By, (t+49) — Fy,(t)
fri(t) = Al (t) = lim 5

o n t ~ t46 o .
:gli%a(kLLnk)(/_ fds)“/ fds(/t+5fds) *

- (k—l)T'L('n—k)'(/ fds)klf(t)(/too fds)"*k

— 00



3.3 PDF of \?-, t- and F- distributions
3.3.1 2

Let X; be iid standard normal, their joint distribution is
f(xe,. . xy) = (2m) 2™ 2 2} /2

Hence the pdf of x?2 is:

d
Fremy(r) = */ (2m) /%™ 9l 2qgy | da,
dr Zi 22<p

which is easy to see must be proportional to e /2,

34 ¢

Let X and Y be independent with pdf: fx(z) = \/%e*ﬁ/z and fy(y) =
d—2

myTefy/Q. Then

d d 00 s\/ﬂ 1 2 1 d—2
= —P(X < Y = 7 o /27 oz _y/2
Jua(s) = Z-P(X < 5/Y/d) ds/o dy/_oc . =S TE T L

e 1 2 1 d—2
_ d d —s“y/2d 5= —y/2
/ yVy/d e 24/21(dj2)Y ~ ¢

0

Do change of variables z = (s2/d + 1)y we get that it is proportional to
d+1
)

(s2/d+1)" "= .

The calculation for the pdf of F' is similar.

4 Point estimators and their properties
Basic setting:

e F: a family of possible distributions (represented by a family of cdf, pdf,
or pd)

e 0 : F — R population parameter
e Xi,...X, iid. with distribution F' € F

e 0 =0(Xy,...,X,) afunction of X;, which is an estimate of O(F), is called
a point estimate.

Example: F: all distributions with an expectation, then X is a point esti-
mate of the expectation.
f is a point estimate of 6.



e The bias is E[f] — 0. f is called unbiased if E[f] = 6.
e The variance is Var(6).

e 0 is called minimum variance unbiased estimate if it has the smallest
variance among all unbiased estimates.

° él and ég are two unbiased estimates, the relative efficiency is the ratio of
their variance. When they are biased, one can use the mean squared error
E[(0 — 0)?] instead.

e 0 is called asymptotically unbiased if bias converges to 0 as n — oc.
e 0 is called consistent if § converges to # in distribution.

Example: Estimate of the expectation and variance of binomial distribution

e Expectation can be estimated by sample mean, which is unbiased and
consistent.

e Variance can be estimated by sample variance which is unbiased and con-
sistent, or X (1 — X)), which is consistent but biased.

Example: Estimate ¢ for uniform distribution on [0, ¢].
The following estimates are all unbiased and consistent:

e 2X
o 2l az(X;)
o Max(X;)+ Min(X;)

Can you calculate their variance? Which is the best among the three?

Answer:
_ +2
Var(2X) = Var(Xl) .
]_ ]_ 2 n —t 2
Var(n+ Maz(X;)) = ———— n—|— / dmn/ dT,_1- / d;pl.(xtin)
n y
_ o nt 2,1 2
_(n+1)? / s Vi T
n tn n(n + 2)
Var(Maz(X;) + Min(X / dxn/ d:rl/ drp_1...dgy (xp+z1—t )

n(n— 1) 22
_ /dm/ e e e



If an asymptotically unbiased estimate has variance — 0 when n — oo, it
must be consistent.

Cramer-Rao inequality:

1
nE[( 45 log f)?]

When equality is reached we get minimal variance unbiased estimate.

Var(é) >

Example: X; iid normal, then X is MVUE.

Var(X) = o*/n

1 B 1 o2/
nE((5log )2 nE[(X —p)?/al]

5 Method of moments, Maximum likelihood

5.1 MLE

Suppose X; ~ F € F, i.i.d., where F is the family of possible distributions of
X;, and F' is unknown and belongs to F. We want to find a point estimate for
some function 6 : F — R. The Method of Maximal Likelihood is:

H(Xl, . ~~Xk)MLE = Q(argrglg}(L(Xl, . Xk,F)

e When F is a continuous distribution with p.d.f. f(z),let L(z1,..., 25, F) =
e When F is a discrete distribution with p.d. g¢(z) = P(X = z), let
L(zy, ...z, F) =[], 9(zi)

Example: X; i.i.d. and has binomial distribution with n = 5 and unknown
p, find MLE for p.

Answer: If X; satisfies the binomial distribution with n = 5 and let p be
some unknown value, the likelihood function is:

v X =1 (¢ Jrea -

The p that maximizes it is p = Eglj('i, hence pyrE = %

10



Example: X; i.i.d. and has uniform distribution on [a,a + ¢]. Find MLE for
a and t.

Answer: If [a,a + t] fails to contain any of the X; the likelihood must be 0,
so a < min{X;}, a+t > max{X;}. To maximize the likelihood in this case, one
need to minimize ¢, hence appp = min{X;} and ¢ty p = max{X;} — min{ X;}.

Example: X; i.i.d. and has normal distribution with expectation u variance
o2. Find MLE for o2.

Answer: Write down the likelihood function, take derivative for both u and
o2 and set both to be 0, we get that o2y .5 = + > (X —X).

n

5.2 MOM

MOM is a less popular approach but does have some advantages in some situ-
ations.

Empirical distribution: Given z1,...x; € R, the empirical distribution X’
is defined as P(X' = x;) = %% where m; is the multiplicity of ;.

Method of moments means estimating the parameters in such a way that the
first few moments of X; under these parameters match the first few moments

of empirical distribution obtained from Xji,...Xg, i.e. the sample moments
M =1y xn
n k ) (2

Example: X; i.i.d. uniform on [a,a + ¢], find MOM estimate for a and t.
Example: X; i.i.d. exponential, f(z) = %e’m/c, find MOM estimate for c.

Example: X; i.i.d. binomial with p = % Find MOM and MLE for n. Are
they the same?

5.3 Point estimate for non i.i.d. random variables

e F: a family of possible joint distributions (represented by a family of joint
cdf, joint pdf, or joint pd)

e 0 : F — R population parameter
o X¢,.. X, ~FeF

e 0 =0(Xy,...,X,) afunction of X;, which is an estimate of §(F), is called
a point estimate.

One can define bias, variance and consistency similar to the i.i.d. case. The
MLE (and MAP which will be discussed later) works for non i.i.d. case as well!

11



Example: X,...X, uniform on [a,a + t], Y7,...,Y, uniform on [b,b + ],
find MLE of t.

6 Midterm 1 review

Some key topics:
e pdf from cdf, probability from pdf, expectation from pdf.
e LLN and CLT
e Sample mean and sample variance: general case and normal population

e Bias, variance, mean squared error and consistency for point estimate
Ways to check consistency:

— Definition
— LLN

— mean squared error
e MLE

Review problem:

1 X;iid P(X;=0)=a, P(X;=1)=b, P(X; =2) =c,a+b+c=1.
Find E[X;], the MLE of E[X;], and the bias and variance of said MLE. Find
Var(X;) and its MLE. Are these MLEs consistent?

2. X; iid., with pdf \/%7(06_“2/2 + (1= ¢)e=@=D*/2, Find MLE of ¢. Is it
consistent?

7 Digression: The idea of substitution
Examples:

o If X; iid. with p.d.f. f, then likelihood function L = [], f(X;). If ¥;
iid., tY; has x2(2) distribution (p.d.f. f(z) = 1e~*/2 when z > 0), what
is the likelihood function?

e Let fo(-) be the p.d.f. of 0, fx|s(-,theta) the conditional p.d.f. of X,
Jox (-, X) the conditional p.d.f. of 6, then

_ Jo(0)fxje(x,0)
Jorx(0-2) = 5 G o 0)d8

12



8 Bayesian statistics

8.1 The basic idea of Bayesian statistics
e Input:
— Some (possibly vector valued) random variable © with given distri-
bution (prior)

— Some (possibly vector valued) random variable X with known con-
ditional distribution conditioned at a value of ©, X ~ F(X|©). (ob-
servable)

e Output: the conditional distribution of © conditioned at a value of X
(posterior) © ~ F(0|X).

Example 1:

e Prior Y ~ Bernoulli(s;)
e Observable X, X5 conditionally i.i.d. when Y = y, and their conditional

distribution is Bernoulli with p = ﬁgy.

Calculation of the posterior:

P(Y =1,X;, X5)
P(X1,X3)
P(X1, XY =1)P(Y =1)
P(X1, Xo|Y = 0)[P(Y = 0) + P(X1, Xo|Y = 1)|[P(Y =1)
(9/10)%1+%2(1/10)2 %1~ X2 5 Lo

P(Y =1|X1,X;) =

_ 100
(9/10) %+ X2 (1/10)2 X1~ X2 x L} (1/10)X1+X2(9/10)2- X1~ X2 x 2
9X1+X2

T 9N 199 x 92X X

So, for example, if we know both X; takes a value of 1, then the probability
of Y =11is 9/20.

We can answer many questions using posterior, for example:

e What is the probability of © taking value in A given X7

e What is the “most likely” value of ©7 Onap = arg max; fe|x(s), where
f is p.d.f. when O|X is continuous and p.d. when it is discrete. This is
called the maximum a posteriori (MLAP) estimate.

e What is the average value of ©? © = E[O|X]. This is called the Bayesian
point estimate with L2 lost.

e In general, let I(-,-) be a lost function (a positive function such that
l(a,a) = 0), then © = arg miny E[I(0, )| X] is called the Bayesian point
estimate.

13



8.2 Comparison between non-Bayesian and Bayesian
MLE:

e Input: Assumption on the distribution of X: X ~ F(«a). A likelihood
function L(X, ).

e Output: dppp = argmax, L(X, ).

Bayesian statistics:

Input: Prior: a ~ Fp, Conditional distribution: X|a ~ F(«).

Calculated output: Posterior: a|X ~ F'(X)

e MAP Point estimate: & = argmaxy faipha|x ()

L?-Bayesian Point estimate: & = E[a|X].

8.3 Example of point estimate using Bayesian statictics

Example 2:
Input:
e u~N(0,1)
e X;|u cond. i.i.d., ~ N(u,1)
Posterior:
f,Xi(svxla""Xn) f,Xi(57X1)'~-aXn)
fMXi (S) ==k = E

(X1, Xn) fo fux, (6 X0, X)) dt

_ Hi sz‘W:S(Xi)fN(S) _ (271_)_"7-%—16_ Z'i(Xi—S)2/2—52/2
Jo TL: fxiu=e (Xo) fu(t)dt K[R(QW)—%Q— > (Xi—)2/2—2/2 gy
So

> X 1
X’iN L 9
l N(n—|—1 n—|—1)

The MAP and L? Bayesian estimate of y are both i = %T)l(

From the computation above we get:

f;L\X(S) X fX|p,:s(X)fu(5)

This works for discrete p or X as well!

Example 3: P uniform on [0,1], X|P ~ Binomial(5, P), then fp|x(s)
sX(1—s)°=% .1, hence P|X ~ Beta(X +1,6 — X).

14



8.4 Hierarchical Models

This section is beyond the scope of our exams.

Often in practice we build “hierarchical models” by stacking multiple layers
of Bayesian and non Bayesian models together. For example:

o7 ~T(a B)

0_2 ~ F(O/,ﬂ/)

Hi NN(OaO-Q)
X;j ind. ~ N (i, 07)

How would you estimate o; and y; from the values of X;;?

We will talk about models like this if we have more time at the end of the
semester.
8.5 More Examples

0 r <0

. P(Y =nlt) = (1 —e e ™.
. LT P =l = (1—ee

Example 4: t has p.df. fi(z) = {
Knowing Y, find ty;4p and E[t|Y].

Example 5: a,t indep. ~ Uniform([0,1]). X;|a,t i.i.d. ~ Uniform([a, a + t]),
find tA]\/[AP.

Answer: M = max(X;), m = min(X;), then:

f t™" 0<a<m<<M<a+t<a+1
X
ot X 0 otherwise

So
t=" - (min(l,m) — (M —t)) M —min(l,m) <t<1
ft|Xi S8 .
0 otherwise

typap = min(1, LI(M — min(1,m)))

9 Hypothesis testing

9.1 Definitions

e Problem: want to know if the distribution of X satisfy certain propositions
(null hypothesis), for example:

— Will the coronavirus kill more than a million people in the end?

15



— Will the expectation of our midterm 2 grade be better than midterm
17

— Is the performance of a machine learning algorithm better than ran-
dom chance?

Solution: Find a random variable Z (test statistics) depending on X
and a set A (critical region), and reject the hypothesis when Z € A.

(Z,A) is called a statistical test to null hypothesis Hyp.

e If 7 e A < Z' € A’ we consider (Z, A) and (Z', A’) to be the same
test.

If Hy completely determines P(Z € A) (simple hypothesis), p = P(Z €
A|Hy) is called the significance level.

The key reasoning behind statistical tests: Suppose Hy is true. If (7, A)
is a test with a very small significance level, then Z € A is highly
unlikely. If, however, we do actually observe that Z € A, then this
can only tell us that H; is unlikely to be true. It is basically a kind of
“statistical” proof by contradiction.

Example 1: Suppose your grade for midterm 1 is X, your grade for midterm
2 is Xo, Y = X5 — X satisfies normal distribution with variance 25. How do
we test the null hypothesis E[Y] = 07

e Answer 1: Z =Y, A= (—o0,—M) U (M, c0).

p=P(Y < —MUY > M|Hy) = P(Y < —M|Y ~ N(0,25))+P(Y > M|Y ~ N(0,25))

-9 /Moo \/%e—tz/sodt
e Answer 2: Z =Y, A= (M,), p= f]"v[o \/ﬁe’ﬁ/mdt

o Answer3: Z=Y, A= (—M,M),p= [ ﬁe*%%t
Which of the three is more reasonable?

e Alternative hypothesis: an alternative to the null hypothesis Hy, called
Hi.

P(Z € A|Hy) is called significance level or type I error.
e If Hy is a simple hypothesis, P(Z ¢ A|H) is called type II error.
e If H, is a simple hypothesis, 1 — P(Z ¢ A|H,) = P(Z € A|H,) is called

(statistical) power

16



o If X ~ F(0), m(0) = P(Z € Alf) is called the power function. If
Hy: 0 =0y, Hy : 6 = 01, then p-value is m(fy) and power is 7(67).

In Example 1, let Y = N (6, 25), what is the power function of the three tests?

Answer: Let f(y) = ﬁe‘yz/m. Then for Test 1,

m(e):/ f(t—e)dtz/ F(3)ds
(—o0,—M)U(M,00) (—o00,—M—0)U(M—0,00)

So % = f(M —0) — f(—M — 6), which is positive when # > 0 and negative
when 6 < 0. So, if the alternative hypothesis is § = 6; >> 0 or § = 6; << 0,

it is possible to find some M which make significance level small and power large.

For Test 2,

ma(0) = /(Mpo) fit—0)dt = /(Me,oo) f(s)ds

So Z—g = f(M —0) > 0. So if the alternative hypothesis is § = 6, >> 0 it is
possible to find some M which make significance level small and power large.
In other words, this test can only capture the case when E[Y] > 0 but not

E[Y] < 0, which is consistent with our expectation.

For Test 3, the power function is

WS'(Q):/(_M,M) f(t—&)dt:/(_M_G,M_e) £(s)ds

So Z—g = —f(M —0) + f(—M — 0) which is negative when 6 > 0 and positive
when 6 < 0, so as a consequence the type I and type II errors always sum up to

something larger than 1, which means that it is a very bad test.

Example 2: Y; i.i.d. ~ N(6,25), Hy : = 0. What is the power function for

the test (Y, (—o0,—M) U (M, 0))?

Example 3: Y; i.i.d. Bernoulli distribution with parameter 6, Hy : 6§ = 0.5.

What is the power function for the test (Y, (0,1/2 —¢) U (1/2+¢€,1))?

Example 4: X;i=1,...61.i.d., Bernoulli with P(X; = 1) =p. Hy:p = 0.5,
H; :p=0.9. Test statistics: Z =), X;. A= [M,6], M is an integer.

Then power function is:

6

7w(p) = P(Z > M|p) = Z (?)Z)Z(l )i

i=M

p-value is 7(0.5) = & 3°0_,, (§). Power is 7(0.9) = >0_,, (6)(0.9)7(0.1)0—".

i i
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e M = 6: significance=0.0156, power=0.531
e M = 5: significance=0.109, power=0.886
o M = 4: significance=0.344, power=0.984

There is trade-off between significance and power. Which M to choose de-
pends on the purpose of the test, in particular whether false positive or false
negative would be more costly.

9.2 Likelihood ratio test

Recall that the likelihood function is L(z,6) = fxe(x), which is the p.d.f.
when X is continuous and p.d. when X is discrete. The Neyman-Pearson test
fOI‘H()Ie:eo, H1:9:91 is:

(X, {z: L(x,00)/L(x,0:) < k})

Example 4, Neyman-Pearson test: py = 0.5, p1 = 0.9

: _x, 1
L(X1,. Xopo) = [ [ 5" (1= p0)' ¥ = 55

L(X1,..., Xg,p1) = [[ o (1 = p1)' =
i
= 0.92: % . 01072 % = 0.10. 92 Xi
So likelihood ratio decreases with >, X;.

Sometimes we need to consider composite hypothesis, i.e. cases when
Hy and H; does not completely determine the distribution of X. Suppose
Hy: 0 € Dy, Hy : 0 € Dy, the likelihood ratio test becomes:

(X SUpgep, L(,0) < I
SUPge pyuD, L(z,0)
How would you do likelihood ratio test for the following examples:
e X; i.i.d. Bernoulli(p). Hy : p=0.5, Hy : p # 0.5.

o X;iid M(p,1). Hy:pp=0, Hy : p#0.

Answer:

e Likelihood under Hj is

Lo=]J05%(1-05)"* =05"
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maximum likelihood under Hy or Hj is

L= supHpiX(l - p)lei
LA
= sup p>i Vi(1 —p)" T2 N
p

— (Z X;/n)2i Xi(1 — Z X, /n)nm 2 X

It is easy to see that the likelihood ration Lg/L1, as a function of ZZ X;,is
symmetric with regards to n/2, and takes its maximum at ), X; = n/2.
So the likelihood ratio test must be of the form: |, X; —n/2| > C for
some C.

e Likelihood under Hj is

1 _x2 _n _rix?
Lozﬂme Xi/2 = (2m)™n/2e= 75

maximum likelihood under Hy or H; is

1 2
L+ = su e~ (Xi—p)?/2
1 #PU o

(X —)2
_n/Qe_EL( i )

= sup(2m)
W
Y X2 (2 X)2/n
= (271—)7”/26*+
So )
24 X4)
LO/Ll =e n

So the likelihood ratio test must be of the form |, X;| > C.

9.3 Proof of Neyman-Pearson Lemma

Neyman-Pearson test has the highest power for given significance, and lowest
significance level for given power.

Proof in continuous case: Let X taking value in R™, k be the threshold of
the Neyman-Pearson test with significance a. In other words,

Fx|Hg (@) fX\H0 (x)dzr = «

fX\Hl(z>_

Then its power is 8y = ffX‘HO(z) < Ix |, (x)dz.
f)(u-l1 (z) =

19



Suppose another test (Z, A) has significance «, then by definition of condi-
tional p.d.f.,

P(Z € AIX) fx|m,(x)dr =
Rn

While the power is
/ P(Z € AIX) fx\u, (2)de

= /fxm 0, P(Z e A|X)fX‘H1(x)dm+/fX‘H w  PZeAX)fxp, (v)dx

R LIRS

fX\Hl(”‘)_ fX\H1<m>
= BO — /"X e (@) P(Z g A|X)fX\H1 (.%‘)dl‘ + /fX o () P(Z € A|X)fX\H1 (.T)dZE
T <k i TRE
X|H, X|H,
1 1
<003 o PEF A @t [, P2 € AX) i (e)ds
ibgk IXIHo P g
x| Hq, (@) fx|H, (@)
1 1
=B — T /fxm o Ixi(x)de + E/ P(Z € AIX) [x|m, (x)dz
—bfxwl (E)gk Rn
= bo

10 Examples of hypothesis testing

10.1 Significance and p-value

)('\-'f?(e)7 Hy: 0 € Dy.
Suppose a family of statistical tests with parameter k is X € A(k).
Then:

e The significance level of the test X € A(k) is a = supge p, P(X € A(k)|6)

e The p-value for x, which is an observed value of X, is

= inf sup P(X € A(k
p ke{k:xzcA(k)} 96[1))0 ( ( ))

e Suppose the test X € A(kg) has significance level ay. Then x € A(ko)
(i.e. X = x results in rejection of Hy under this test) implies that = has
a p-value no larger than ag, and x has p-value less than agy implies that
S A(k())

Proof: Let a(k) = supgep, P(X € A(k)|0), then because P(X € A(k)|6)
is non-increasing, k — «(k) is non increasing. Furthermore, by assump-
tion, a(ky) = ag, and a(k) > ag = k > ko, and the p-value for x
is

p=__ inf (k)

= 1 o
ke{k:xzcA(k)}
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Suppose © € A(ko), then the p-value of x is p = infrc(pzean)) a(k) <
alky) = ayp.

Now suppose the p-value of x is less than aq, then there is some &’ such
that © € A(k') and a(k’) < ag. Hence, k' < ko, x € A(K') C A(ko).

e Suppose a statistical test with significance level 0.05 is used to test covid-
19, null hypothesis being not having covid-19. If your test come out posi-
tive, what do you know about your probability of getting covid-197

e Let p be a function that sends observed value X to a p-value. What can
you say about the c.d.f. of random variable p(X)?

10.2 Some Examples
Example 1

X, 1.i.d., Bernoulli distribution with parameter p. Hy : p = po, H1 : p # po.

Likelihood ratio test:

[Tp5 (1 —po)'—
sup, [[;p*i(1 —p)t=% —

pOZiXi(l _po)n_ZiXi <
(% 2 Xy Xi (1~ % 2 X2 Xi —
log(LHS) = nX (log(po) — log(X)) + n(1 — X)(log(1 — po) — log(1 — X))

Which is non positive and 0 iff X = pg. So for k close to 1 the test should be of
the form:

| X —pol > ¢
From CLT, if n >> 1, under Hy, ,/m - (X — po) has distribution close

to N(0,1), so the test with significance level « is roughly |X — po| > ®~1(1 —

a/2)4/ @ where ® is the cdf of N'(0,1). The reason is that under Hy, if a
test of the form |Z| > ¢ has significance o, where Z ~ A(0, 1), then

a=P(Z<cUZ>c)=2P(Z>c)=2(1-2(c)
Soc=®1(1—-a/2). Now let Z =, [ ootipey - (X — po) one gets the answer.
And the p-value for given X = 7 is

po(l —Po)}

p=inf{a:|Z —po| > &7 (1 - a/2)
n
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n

=2(1 - ®( j -z = pol))

po(1 —po
Suppose n = 100, pg = 0.5, 60 of the X; has a value of 1 and 40 has a value
of 0. We want to test if Hy : p = pg is true with a significance level 0.05.

e Method 1: The test with significance level 0.05 is roughly | X — po| >

=1 (1 - 0.05/2)/20P0) — 0.0980. X — py = 0.1 which is larger than
the threshold, hence we should reject Hy.

e Method 2: Calculate the p-value, we get p = 2(1 — ®(, | oetpe) | X —
pol)) = 0.0455 < 0.05, so we should reject Hy.

As a review:

e Significance level of a test: highest possible probability of false positive
under Hy. It is a increasing function of the threshold k.

e p-value of a possible value of X: the significance level of the test with the
lowest threshold that rejects Hy.

e How to test Hy with given significance level a:

— Method I: Find the threshold k corresponding to «, test the observed
value of X using threshold k.

— Method II: Find the p-value corresponding to the observed value of
X, compare it with a.

Example 2
X;iid. N(p,0?), here i and o2 are both unknown. Hg : =0, Hy : i # 0.

Likelihood ratio test:

sup, 2 (2mo?)~"/? IL e=Xi/20% <k
Sup,, 42 (27702)—71/2 Hz e—(Xi—p)?/202 =

Do the optimization we get the optimal p is X, the optimal o2 in denom-
inator is 1 3, X2, and the optimal 62 in the numerator is 1 Y (X; — X) =
LN X2 - x°. (Recall examples we did in MLE).

Hence

n 1 1 —2 n o n
log(k) > log(LHS) = —(log(~ > X7) —log(= > X7 -X ) +5 -5




Where h(t) = 5 log(1 — H_i)
(n—1)t2

b -,
So the LRT must be of the form ‘\/m > M. From the definition of

t-distribution, we know that if

X; ~N(0,0%)
Then
(n—1)8%/0? ~ x(n —1)
X/Vo2/n~N(0,1)
So

X X/\/o%/n Hn — 1)
VS \/((n—-1)5%/0%)/(n —1)
For any observed value z;, let T and s2 be the sample mean and sample variance,

then the largest threshold M which yield positive result (which corresponds to
the smallest k) is:

Vs?/n

The p-value, which is the significance level of the test with threshold My, is:

My =

X X
sz(m_ 0|\/m“’t(n—1))
2(1T(\/;;W)

Where T is the cdf of t(n — 1).
Example 3

X; ii.d. N(p,0?), here yu and o2 are both unknown. Hy : p < 0, Hy : pu > 0.

Likelihood ratio test:

supu§0702(2w02)_”/2 IL e~ (Xi—n)?/20° <k
SUp,, g2 (210 2) ~/2 [, e= (Ximw?/20% =

The likelihood ratio is 1 if ) -, X; < 0, and the same as Example 2 if ) . X; >
0. Hence, the LRT is of the form:

X
V5% /n

>Mand X >0

Hence _
X > M

VS22 /n
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Hence, for given significant level a we let
M=T"11-a)
For given value x; we can calculate the p-value as

p=1-T( ?”;/Tg

Where T and s? are the calculated sample mean and sample variance.

Some conceptual questions

e Suppose a statistical test with significance level 0.05 is used to test covid-
19, null hypothesis being not having covid-19. If your test come out posi-
tive, what do you know about your probability of getting covid-197

e Let p be a function that sends observed value X to a p-value. What can
you say about the c.d.f. of random variable p(X) when Hj is true?

Answer:

e Nothing. Because P(infected|tested positive) can not be calculated from
P(tested positive|uninfected) which is known to be 0.05.

e The c.d.f. of p(X) at any value ¢ € [0, 1] is bounded from above by g¢.

Midterm 2 will cover up to here.

10.3 Commonly used statistical tests

Some common hypothesis testing problems have well known tests, which are
usually either LRT or approximated LRT. We will illustrate via examples how
to use some of the tests in Chapter 13 of the textbook.

Usually a statistical test is stated as follows:

Testing Hy against Hj, test statistics z = z(X), critical region of
size (significance level) « is z € D,.

For example, for the One sample, One sided t-test:

X1,... Xy, idd. ~ N(u,02). Testing u < 0 against p > 0. Test
statistics t = —=— Critical region t > T~ !(1 — a), where T is the cdf

VS?/n
of t(n —1).

To make use of it, say n = 5 and X; are —1,0,1,2,1. The ¢ statistics can
be calculated as 1.1767. T~1(1 — 0.05) = 2.1318, so we can not reject Hy when
significance level is chosen to be 0.05. The minimal « such that 1.1767 is in the
critical region is 1 — T'(1.1767) = 0.1523, so the p-value is 0.1523.

If X; are 0,1,2,3,4 however, t = 2.8284 > 2.1318, so reject Hy under signif-
icance level 0.05. The p-value is 0.0237.
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Sometimes we make use of a test indirectly by transforming the observed
random variables: from some observed random variables X, we build random
variables Y, and use a known test on Y. For example: X; ¢ = 1,...10 i.i.d.
N(p1,0%), Vi, i = 1,...10, i.id. N(ug,03), X; and Y; are all mdependent
Want to test if y1 = p2. One way to do so would be to conmder Z; =X; - Y;,
which are i.i.d.normal, and test if their expectation is 0.

This approach usually won’t give us the most powerful test as we are losing
information during the transformation. However in many situations this is good
enough.

10.3.1 Tests about expectation and variance

X;iid i=1,...,n, ~N(u,o?).

o Test p = pg against p # pg. t = Xs ’;0

a/2), where Fy,_1y is the c.d.f. of t(n —1).

critical region [t| > F 1)(1 -

o Test u < pp against p > pp, same ¢ as above, critical region t > F) (7«1L 1)(1
a,n—1).

e Test 02 = 03: x? = (n —1)5?/0d, critical region x? € (O,Fxf(iil)(aﬂ)] U
[FX(L 1)( — @/2),00)

e Test 02 < 02 against o

FX_(n 1)(1 Q).

2 > g% x same as above, critical region x? >

2

e Test 02 > o2 against 0 < of: x same as above, critical region x? <

1
Fx(n 1)(a)

Xivi=1,...ny i.id. N(u1,0%),Y; i =1,...n9 i.id. N(uz,03), X;, Y; indep.

Test fi = inst k i 2and 03, z = ——2L .
o Test for p; = po against py # pe, knowing oy and o5. 2 JoT i+l

Critical region |z| > F N(o 1)( —a/2).
e If 02 unknown but number of samples is large, can approximate them with
S2.

e 07 = 03 but unknown, test p; = ug against py # po:

X-Y
ni— 2 no— 2
N O

Critical region |t| > F;

t=

t(n1+n2 2)(1 —a/2).

e One sided tests are similar.
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Xii=1,...n1 iid. N(p1,02), Yii =1,...n9 iid. N(u2,03), X;, Y;
indep.

e Testing 0? = 03 against 01 ;é o3. f = S%/S%. Critical region f €
o, FF(lnl 1,na— 1)(0‘/2)] [F' F(n1 1na— 1)( —a/2),00).

e One sided tests are similar.

One can check by calculation that all these tests have the significance level
a.

The final exam is open book so one doesn’t need to memorize any of these
statistical tests, just need to know how to use them would be enough!

10.3.2 Pearson’s y?-test for Goodness of fit

X; ii.d. taking values at {1,2,...m}. Test for null hypothesis: P(X = j) =ej,
where e; = f(j,61,...,0k). Let n; be the number of X; taking value j. Then
likelihood ratio test gives:

supy, .0, 11 ¢

< k
SUPp;, >, pi=1 Hj Py

The optimal p; is n;/n where n. =3 n;. So

log(LHS) = Zn] log( n]/n Zn] log(1 w))

ne;
Taylor expansion at n; = ne;, we get approximated LRT:
£ 2
Z (n —An@j) >m
i K

When n is large, and with some additional assumptions, the test statistics ~
2(m—k—1).
11 Midterm 2 Review

e MOM

e Bayesian-based point estimates: expectation of posterior, MAP, etc.

e Neyman-Pearson test (the proof that it is optimal will not be tested in
the exam)

Likelihood ratio test

Significance, power, and p-value

26



12 Confidence interval
Setting: X has p.d.f. (or p.d.) f(z,0), where 6 is unknown.

e Point estimate: find a random variable § based on X , which is close to
0.

e Hypothesis testing: given 6y, we can tell how unlikely it is to get the
observed value of X if 6 = 6.

e Confidence interval is related to both of these concepts:

— Conceptually, confidence interval is an extension of point estimate:
this is a random variable taking value in the set of sets, such that 6
is in it with probability 1 — a.

— Mathematically, confidence intervals are equivalent to certain types
of statistical tests.

The 1 — a-confidence interval of 6 is a set I(X) depending on X, such
that for any possible value of 8, P(6 € I(X)|0) =1 — a.

Equivalence between confidence intervals and statistical tests:

e If X € D(6)p) is a statistical test of the null hypothesis Hy : 8 = 6,
which has significance level . Then I(X)={6y: X € D(fy)} isal—«
confidence interval for 6.

e If I(X) is a 1 — « confidence interval for X, then 6y ¢ I(X) is a statistical
test of the null hypothesis Hy : 8 = 6.

Proof:
e Suppose P(X € D(0)|0) = a. Let
1(X) = {0: X ¢ D(0)}

then
P(0 € 1(X)|0) = P(X ¢ D(6)[0)

=1-P(XeD@®0)=1-«
e Suppose P(0 € I(X)|0) =1 — . Let
D(fo) ={X : 60 ¢ I(X)}

Then
P(X € D(0)]0) = P(0 ¢ 1(X)[6)

=1-POcI(X)f)=a
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In some textbooks the CI is defined as P(f € I(X)|f) > 1 — «, then, they
should correspond to statistical tests of significance level < a. They will not be
the focus of this course, but in case we need to mention them in examples, let’s
call them CI with confidence level at least 1 — a.

Example 1: X normal distribution with expectation p and variance 1. Find
the 0.95 confidence interval for p.

Likelihood ratio test for Hg : p = po against Hy : u # po:

e~ (X—110)?/2

sup, e -2 =
The optimal p is X, so the LRT is
| X' — po| > /—2log(k)

Let ® be the c.d.f. of standard normal distribution. The significance level is the
probability of success under null hypothesis, and under null hypothesis, X — pg
is standard normal. So,

a=2(1—-o(y/—2log(k)))
So the test
X — uo] > 1 (0.975)

Is a test with significance level «, the confidence interval is
I(X)={p:|X —p| <®710.975)} = [X — ®71(0.975), X + &~1(0.975)]

One sided confidence interval: Sometimes we want the confidence in-
terval to be one sided, like I = [a(X),00). The statistical test associated to
it should be mu < a(X), in other words, it should only reject null hypothesis
w = po if pg is too small. Hence, let’s consider Hy : u = po and Hy : g > po,
then the LRT becomes

o (X—110)/2

<k
Sup#Z#o e*(X*#)Q/Q -

So the optimal p is pg if X < pg, X if X > pg. So the test is
X — po > /—2log(k)
When k < 1, and everything when & = 1. So
a=0.05=1-®(/—2log(k))

X — po > ®71(0.95)
I(X)={p: X —p<®10.95)} = [X — & 1(0.95),00)
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In general, if I(X) is one-sided, e.g. of the form [A(X),c0), the
corresponding statistical test must be of the form 6y < o(X). In other
words, the null hypothesis can be rejected is only if §; is too small,
i.e. when 6y < 6. Hence the power function of the test must be no
more than o« on (—o0, 6], and one can pick the alternative hypothesis
as 6y < 6.

e As an exercise, read Chapter 11 and Chapter 13. For every statistical test
in 13.2-13.6, find the corresponding confidence interval, if there are any,
from 11.2-11.7.

e True or false: suppose based on the statistics up to today, the reproductive
number Ry of covid-19 has a 95% confidence interval [2.1,2.5]. Then the
probability of Ry being between 2.1 and 2.5 is 0.95. (Answer: False)

e True or false: suppose after the covid-19 outbreak we found a very good
model for estimating the Ry of an epidemic, and this model gives a 95%
confidence interval to the Ry of the next pandemic. Then, the probability
of Ry lying in this confidence interval is 0.95. (Answer: True)

The next part in blue will not be in the exam:

One can create some analogy of hypothesis testing and confidence interval
under Bayesian statistics as well, which is conceptually much simpler but com-
pletely different from the ones we learn in the non-Bayesian setting:

e Recall that the output of Bayesian statistics is the posterior, i.e. condi-
tional distribution of # conditioned at X.

e For a hypothesis H : 8§ € D, we can calculate its probability under this
posterior P(6 € D|X), and reject it when this probability is small.

e The 1 — a-credible interval is J(X) such that P(0 € J(X)|X) =1—a.

Example 2: normal approximation of binomial distribution

X ~ B(n,p), n >> 1, p not too close to 0 or 1. Want CI of p.

From what we learned some weeks ago, we have an approximated LRT based
on CLT which says that the test for p = py against p # py with significance
level « is
po(1 —po)

X/n — >
X/n = po| = /22

01— a/2)
Where ® is the cdf of standard normal.

So the approximated 1 — a CI is

p(1 —p)

{p:|X/n—pl< 01— a/2)} = [p1, 2]
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Where

p2 — X/n = “(1-a/2)

X/n—py = JPEZP) g1y )
\/m.

Because n >> 0, p1,p2 = X/n, we have

[p1,p2] = X/n—\/— Y1 —a/2),
X/n+\/7 11— a/2)]

Example 3: Exponential distribution

—CIT > O
X has p.df. f(z) = c =" Find the one sided CI of the form
0 <0
(0, A].
LRT with Hy: ¢ = ¢y and H; : ¢ < ¢.
COe—COX

- <k
>
SUP.< ., CETX

If X <1/cy the LHS is 1, if X > 1/¢p, the optimal ¢ in denominator is 1/X,
and we get

log(co) — Xco < log(k) —log(X) — 1

coX —log(X) > log(co) + 1 — log(k)

The LHS is an increasing function, so the test must be of the form X > M. If
we want the significance level to be «,

:P(X2M|c:co):/ f(s)ds
M
So M = —log(a)/co. The one sided CI is now

{e: X < —log(a)/c} = (0, - log(e) / X]

Example 4: Making use of the F-test

Suppose there are 2 independent i.i.d. normal samples X;, i = 1,...7n4, Yj,
j = 1,...ny, with variance 07 and o3 respectively. Want the one sided CI of
0% /o2 of the form (0, AJ.

Hy : 0%/o} = r, Hy : 07/0} < r. Let Y/ = r'/2Y}, then the test is for
Var(X;) = Var(Y]) against Var(X;) < Var(Y]), use one sided F-test with
significance level « is:

Sf(/S%// = S%/(rS;%) < F}«:(nl 1,n0— 1)( a)
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So CI with CL 1 — « is

{r:S%/(rSY) > Fri, —1ma—n) (@)}

52
= (Oa 52 Ffl ~ ]
Y F(n1—17n271)(a)
In the textbook they used the relationship pr(lnlfl na—1) () = (pr(lnrl a—1) (1-

a))~ L
The CI for t-, x2- etc. tests are analogous.

When ny >> 1, no >> 1, CLT allow us to do normal approximation for the
x? distribution. This can also be used to derive approximated CI for the ratio
of variance:

By definition, x2(k) is the squared sum of k standard normal, so CLT tells

. 2 X—k
us, if X ~ x*(k), when k — oo, e standard normal.
(n1 — 1)52
2~ X (- 1)
01
So s )
1 _
(nl : )( X Ul) N N(O, 1)
g7 27’l1 -2
Similarly
-1 SQ _ 2
(e =D =) oy
a5 \/2712 —2
Hence the distribution of S% —rS% is approximately N (0% —ro3, ni(illl ::Ell) ~

2 2 2S% 2r2 Sy .
N(of —ro3, 27 + T.2F), so the test is

25% 2r25%

7?,1—1 Tlg—l

S% —rSE <71 —a)\/

You can now use this to get a corresponding approximated CI.

Of course there are many other ways to get CI or, through CLT, approxi-
mated CI. Can you write down a few more for this problem?

Extra Example: Normal approximation X;iid.,i=1,...nY;iid,
j =1,...ng, both have bounded variance. Find the approximated CI of F[X;]—
E[Y;] using CLT on both X; and Y}, where the variances are estimated via LLN
using S2.

CLT plus LLN implies that

> (Xi — E[Xq])

NG — N(0,1)
X
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>, (Y; — EY;))

\/ S%TLQ
So we can approximate X and Y by N(E[X,], 5% /n1) and N(E[Y], 53 /ns)
respectively, and X —Y can be approximated by (E[X;]—E|Y;], S% /n1+S% /n2),
so the Clis [X —Y — F/\?%O,l)(l —a/2)\/S% /n1 + 52 /na, X —Y + FA73071)(1 -

a/2)/S% [m + 55 /o).

— N(0,1)

13 Linear Regression

13.1 Single variable LR

Setting: x1,...x, real numbers, Yj,...Y, independent, Y; ~ N(cz;,0?). How
do we estimate ¢ and 02?

13.1.1 MLE for ¢ and o2

Likelihood function:

L =[] (¥0) = (2mo?) /267 B 0ime?/ 20

log(L) = —g(log(Qﬂ') +1log(0%) = 55 (Yi- cx;)?

5} 1 5
Ey log(L) = ~552 zi:(QxiYi — 2cx;)

CMLE = 3
i T
0 n 1 9
Wlog(L) = 7552 T 9gd Zi:(Yi — cx;)
N 1 1
2 —— 4 N2 o 2 _ V)2 2
o MLE = Z(Yz EMLEX;)” = n(ZYL (Z z;Y;) /le)
13.1.2 Prior on ¢, knowing ¢% =1
Suppose 02 = 1, ¢ has a prior N'(0, \).
Posterior will be proportional to
1 2 2
— = /(2N —n/2 =3, (Yi—cz;)?/2
c) = e 27 e i
g(c) NorSY (2m)

So
- Zi XY 2 -1
s ~ NS (£ 107
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13.1.3 Prior on ¢ and o2

as

ae” s>0

Suppose o2 has a prior f(s) = 0 ¢ has a prior N(0, \o?).
s

Posterior will be proportional to

«a o~ ¢’/ (2Xa?) ;—ao? (271_0_2)—n/26— >, (Yi—cz)?/(202)

MAP estimate:

R E X Y;

¢

MAP = Z 21 1))

S 2(3°5(Yi — énrapwi)® + Ry ap/N)
n+/n? +8a(3,(Yi — érmapi)? + & ap/N)

Similarly we can calculate the expectation of ¢ and ¢ under posterior distribu-
tion. It is evident that E[c|Y;] = éprap.
IS do® [ o?g(c,0?)

I do? [7_ g(c,0?)

13.1.4 Test for hypothesis Hy : ¢ = 0 against H; : ¢ # 0, knowing
ol=1

Blo?|Y] =

LRT:
(2’/T)7n/267 > Yi2/2
sup,(27)~"/2e~ > (Yi—cx)?/2

The optimal ¢ is 2273?2 from (1), so

SYvE ey
oy w‘Y)

LL‘

|Z$1Y1| > M

Under null hypothesis Y, z;Y; ~ N(0,>", 2?), so significance level is

<k

aci)2 <2logk

l ’L

> —2logk

So the test should be

M
=201 = Fyon(—==

The test with significance level a should be

1> ;| > Firton(1—a/2) > a2

i
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p-value for Y; = y; is

|22 Tivil

=2(1 = Fyo,1)( 2

)

13.1.5 CI for ¢, knowing 02 =1

We need statistical test for Hy : ¢ = ¢g against Hy : ¢ # cg. Let Z; = Y; — cox,
then Z; ~ N(c — co)z;,1). Now make use of the test in (4), we get

DIFEIED WA S EE NIERCN O
So the corresponding 1 — a CI for ¢ is

{c:|Zx¢Y¢—Zcx?\§FA_/(101 —«a/2) Zx}

_ SiaYs Fren(-a/2) 52y Fyen (1 —a/2)
= [ — , +
7 N i T V2w

13.1.6 Test for hypothesis Hj : ¢ = 0 against H; : ¢ # 0, with unknown
2
o

LRT: L
sup, 2 (2mo?) /2= 2 Y /(2: ) <k
SUp,, 42 (2m02) " 2e™ 2 (Yimewi)?/(20%) =

2
sup02(27702)’"/Qe’ >, Y2/ (20%) (2 - ZzYz )771/26771/2
n

A 2
Sup, o2 (27T0'2)_n/26_ > (Yi—cxz)?/(20°) _ (27T . M)—nﬂe—n/Q
’ n

Where ¢ = ZZIIY So the test becomes

)2
Zi(;:i —Ygxz) < g2/n

T Y5)?
Z cxl ZY2 7:5

i
So we can rewrite the test as
S TiYi)2N\ T
Vit (S - R

i
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By calculation (using multivariable calculus and linear algebra) we can see

that, under null hypothesis, Z(;QY x*(n), >, Y72 — EZII ;)2 is independent
from(zxy ,and 2 - MN}(().SO,

2 x1 quqz
YiwiYi/\ >k
Vit (27 - &

The M for significance level « is F( l)( —a/2).

~tn—1)

13.1.7 CI for ¢, unknown o2

Use the same technique as in (5), and the test in (6), we get

: xiy) y2 - mY)?
1o VEIT D iy VENT S
2t D X IS

S

13.1.8 Digression: Independence of residue and regression coeffi-
cient

This part is just for those who remember linear algebra and multivariable cal-
culus. )
We will prove the following: if ¥; i.i.d. normal, >, Y? - (221;67’::;’) is inde-

pendent from (EZQJ;Y')Z
Proof: Let ¢1 = [x;//>.; 27]T € R™. |cl| = 1, so we can find an orthonormal
basis {c1,...,¢,} of R™ LetC’—[ )Y =n,..Y,)7, Z = CY.

Because Y; are i.i.d. normal, the p.d.f. of Y is f(y) = 27702771/2@_%74%, so for

any set A C R",

P(Z € A) = P(CY € A) = / (2m0?) "2~ 72 v gy
Cc-1A

= / (QWJQ)_”/Zefﬁszdz
A

So Z; iid. N(0,0?).
By calculation it is easy to verify that >, Y — Quum¥e)” _ Sor o ZE and

v2
(Zixim};) = Z%, hence they must be independent. The same calculation works

for Y; ~ N(cx;,0?) as well by change of variable Y; = cz; + Y.

13.1.9 Test for Hy : 0% = 02 against H; : 0% # 03
Likelihood ratio test:
2)—n/2,— ¥, (Yi—ca:)?/(202)
sup,(2mo§) e i 0 <
Sup,. 52 (2mo2)~"/2e~ 2 (Yi—ex:)?/(20%) =
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The optimal c is ZE . Let r2 =3%,(Y; — Eziwa -z;)%, log of LHS is

n r2 n n
-3 log(ag) — ﬁ + 5 10g(7"2/n) + 5 < log(k)

Hence the critical region should be of the form 7“2/71 > O'%A or rz/n < J%B for
some positive numbers 0 < B <1< A. By similar argument as in the previous
slides, under Hy, 27" ~ x%(n — 1), so significance level

o = FX2(n_1) (TLB) +1- FX2(n—l) (’I’LA)

log(A) — A =log(B) — B

In practice, we usually just ignore the second equation and let Fy2(,_1)(nB) =
1 — Fy2(,—1)(nA) = a/2, hence the test is

sz _
U% Z 2:)® & [Fra x2(n— 1)(04/2) 2(n 1) (1-a/2)]
13.1.10 CI for o?
Using the test on the previous slide, we have the CI:

SV - B2 (Y - )2

F21(n 1)( _a/2) ’ FZl(n 1)(a/2>

Everything below will be beyond the scope of final exam.

13.1.11 Logistic regression

Setting Y; independent, Y; ~ Bernoullz(l_kew ).

Likelihood function

Hyl e 4+ (1 —yi)
1+ e

It is easy to see that log(L) is concave w.r.t. ¢, hence any local maximum is the
MLE, and we can use convex optimization to calculate the optimal c.
This is a first example of Generalized Linear Models (GLM).

13.2 Higher dimensional linear regression

Setting: x1,...1, € RY Yj,...Y, independent, 3 € R? Y; ~ N(8Tz;,02).
How do we estimate 8 and o2?
MLE: Log likelihood is

log(L) = —g(log(%r) +log(c?)) — % D (Vi - BT’
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So
3 LE = ar ming Y; — BT x;)?
ByMLE g i( B xi)

Take derivative, we get:

8= (Z $z‘$¢T)71(Z Yiz;)

The MLE for o2 is the same as the univariant case.

A special case is linear regression with constant term:

r1,...2, € R, Yy, ...Y, independent, B € R Y; ~ N(d + cx;,0?). Find
MLE for ¢ and d.

Let o = [1,2;]7, B = [d, ], then use the formula on the previous slide, we
get

N

d,e]” = { Z?ﬂci ZZ;Z% ]1 [ szxi ]

q= PRI DI IDIENG
el ()

—>iriy Yi+ny xY;
nys i — (30 2:)?

So

¢ =

13.2.1 Ridge Regression

Suppose o = 0, and we add a prior to 3 as 3 ~ N(0, A\ol,), log of posterior
will be, up to a constant,

Brp 1 T \2
Tone? 292 2 (Y — B8 )

K2

So the MAP estimate for 3 is

B = argmin 43 (Y = 67 + 375

B = (Z iz} + Id//\)_l(z Yix;)

This works even when n < d.
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13.2.2 Linear Mixed Model

Ridge regression has an alternative formulation as follows: z;,z € R, Y;, YV
satisfies joint distribution N (0,0%(K + 6I)), with known o2 and §, and where
K = [x1,...2][r1,...2]7. Find the conditional expectation of ¥ with known
Y1,...Y,. The log of joint p.d.f. of [Yi,...,Y,, Y] is, up to a constant, pro-
portional to

1 _
_7[y1a" y'ruy](K—’_(SI) 1[y17"'yn7y]T

2
Ko+ X b"
Let Ko = [21,...2)[z1, ... 20]T, b= [zTz,.. . 2T2], then K+61 = { 0 b oTotn |
hence -
1 _| = B
(K+46I)7" = { B C ]
Where

C = (xTx —b(Ko+o61)~1p7)!
B=—(2Tx —b(Ko+6I) 70" " (Ko + 6I) !

So the conditional distribution for y is normal, and the expectation is

1 Y1 n
g}:—aB oo | =Ko+ 617!
y7l yn
Let X = [21,...2,), Y = [y1,...yn]T, then this equals

T X(XTX 4607y =27 (XXT +60)7' XY

= xT(Z zix] + (Hd)_l(z Yi;)

So d takes the role of % earlier. This model allows us to get a value for %, by

setting it as dayrp. This is the simplest case of a family of statistical models
called mixed models.

13.2.3 Some questions to think about

e Suppose z; € {1,2,3}, how do you check Hy : Y; ~ N(cz;,0?) against
Hy:Y; ~ N(f(z;),0%) where f is an arbitrary function?

e How do you check that Y; ~ N(cx;, 02) in general?

14 Final Review

e Probability prerequisites

— Random variables

38



cdf, pdf, p.d.

Conditional p.d.f.

Expectation

LLN, CLT

sample mean and sample variance

order statistics

e Point estimate: Basic setting: X has a distribution with parameter O.

Point estimate: a random variable © which we use to estimate ©.
Bias: E[O] — ©.

Variance: Var(0).
Consistency: X = [X;,...,X,], X; i.id, O — O asn— oo
Some ways to show consistency
* Definition.
* Variance and bias goes to 0 (due to Chebyshev’s theorem)
x LLN.
Ways to find point estimate
*+ MLE
* MOM
x MAP
* Bayesian point estimate

e Hypothesis testing: Setting: X has a distribution with parameter ©. H :
©eD H :0e€D',DNnD =.

Statistical test: a random event Z € A, where Z is a random vari-
able defined using X, A the critical region (usually the “tail” of the
distribution of 7).

Significance level (bound on type I error): supgcp P(Z € A|©).
Power (one minus type II error): P(Z € A|©) for some specific © €
D'

p-value: the lowest significance level that result in rejection of Hy.

Intuition of statistical tests: suppose Hj is true, then a test with
small significance level is unlikely to be true. So, if we observed that
it is true, probably Hj isn’t.

Neyman-Pearson test: D and D’ both consists of a single point ©g
and ©q, then test is L(X,00)/L(X,0;) < k.

LRT: supg,ep L(X, O0)/supg,cpup L(X,01) < k.

How to use known statistical tests.
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e Confidence Intervals: Setting: X has a distribution with parameter ©.

— Al-a-Clisaset I(X) depending on X such that P(© € I(X)|0) =
1—-oa.

— CI with CL 1 — « are related to statistical tests of significance level
a.

— One sided CIs are usually related to tests where the alternative hy-
pothesis is one sided as well.

Example:

e X, iid.,,i=1,...n, with p.d.f.

e The joint p.d.f. is

e min{x;} >0
0 min{z;} < 0

fX1,-~~Xn(x1a cee xn) = H f(l'z) = {
e The joint c.d.f. is

Fx, x, (1, an) = [ ] Fx. ()
_ o ) ILA —=e**) min{z;} >0
-11/ mm% min{z) >0

e Sample mean and variance:

c
VCLT(X') = E[XQ] — E[X]2 = /Oo SZCB_CSdS _ i — l
’ i ¢ 0 2 2
— 1
B[] = BX,] = *
c
Var(X) = “Var(X,) = —
ar = ~Var(X; —
1 —2 1 2n — —
BIS}) = Bl (3 X7~ nX%)] = (28— n(Var(X) + B[XP))
1 2n 1 n 1 n—1 1
Shile 2 @ T e Ta Vel



The p.d.f. of min{X;} =Y is

n!
(I-=Dln-1)

Where f is the p.d.f. of X; and F is the c.d.f. By calculation, the answer

1S
0 x <0
fri(z) = { .

nece x>0

fra (@) = F(a)' = f(a)(1 = F(x))" ™

LLN for X; implies that as n — oo,

- 1

X = -
c
CLT implies that as n — oo,

— 1
ne2(X — E) — N(0,1)
MLE for ¢
L(X;,0) =[xy, (X1, Xy o) = e o2 X

So

CMLE = Zz X,

MOM for ¢: First empirical moment is X, first moment is %, SO

. e 20 .
Suppose prior of ¢ has p.d.f. f.(z) = 0 0 Then posterior is:
T

fepxi(€) = Cfe(c)L(Xy, ... Xy, ) = Ccem (i XitD)
So

n _ 1
Yo Xi+1l X +1/n

203 Xi + 1)e|X; ~ x*(2n +2)

CMAP =

So the Bayesian point estimate with L? lost is

A . n+1
L2 Bayesian = argn}}nE[(c — C/)2|Xi} = F[dX;] = ﬁ
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e All these point estimates are consistent due to LLN.
o It is easy to see that 2¢X; ~ x?(2), so 2¢ Y, X; ~ x*(2n).
e Hy:c=1, Hy : c =2. Neyman-Pearson test:

em i Xi
— <k
2”6_221' X, —

So the test should be of the form . X; < M, significance level is

i

So the test with significance level « is

X, < 2FX_2(2n)( a)

The p-value for X; = z; is
p = min{a : sz <3 XQ(M)( @)} = Fy2i2p)( sz

e Suppose a test on Hy : Z ~ x2(k) is Z ¢ (F 2 (a/2) k (1—a/2)),
then we can apply it to 2¢ ZZ X;, and get a tebt for Hy : c = ¢y as

¢ <a/2> Film(1 =/,

ZX ¢ ’ : 260

F;(gn)( —a/2)

ZX < 2(Qn) 0&/2 or ZX o

e The CI from the test on Hy : ¢ = ¢g earlier is

ZX Xz Qn)(a/2) F 2(2n)( a/2)]}

Co 2¢o
_ F;;(zn)(a/m F;;@n)(l —a/2)
2 Z’L Xi 7 2 Zz X;

e To get one sided CI, use LRT for Hy : ¢ = ¢g against Hy : ¢ > ¢g.

cpe 0 2 Xi
x, <k
SUPc> ¢, cre— ¢ Xi

ZXigM

So the test is
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for some M < n/cy. To make significance level «, we must let M =

-1
sz(zn) (a)

5 , so the test is
co

Falan (@)

Zi: X; < R T

The one sided 1 — a CI for ¢ is

[F>;21(2n) (OZ)

25 X, °

Two types of statistical inference:

e Bayesian approach: © has assumed prior distribution, use successive ob-
servation to estimate the posterior, eventually converging to the true value.

e Non-Bayesian, or frequentist approach: © is a constant with unknown
value. Use observation to rule out more and more unlikely values of ©,
until we have an estimate of its true value.

Review Examples:

Example 1 Suppose X ~ B(n,p), n >> 1.
1. Find the LRT for Hy:1/3<p<2/3
2. Use the CLT to calculate its approximated significance level.
3. Find the approximated p-value for n = 9000, X = 2900.

LRT: L
SUPpei/s,2/3) (%)™ P~

<k
sup,, ()pXpn=X

So
0 X € [n/3,2n/3)
log(LHS) = { X log(3%) + (n — X) 1og(3(n2fx)) X <n/3
X log(3%) + (n — X)log(352) X > 2n/3

It is easy to see that this function is increasing when X < n/3, decreasing
when X > 2n/3, and takes the same value at n/3 — a and 2n/3 + a for any
0 < a < n/3,so the LRT is of the form X ¢ [n/3 — M,2n/3 + M]
CLT says that as n — oo, % ~ N(0,1). Hence
a= sup PX<n/3—MorX >2n/3+m)
p€[1/3,2/3]
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X—p n/3—M —pn X-—p 2n/3+ M —pn
~ sup < or >
€l1/3.2/3] \/np 1-p) = Vmp(l—p)  Vap(l—p) — /np(1-p)
If p e (1/3,2/3), as n — oo the two bounds go to infinity and probability goes

to 0. So we can only use p = 1/3 or p = 2/3. In both cases, the significance
level is

2
2n/9
Where ® is the c.d.f. of standard normal. The p-value for n = 9000, X = 2900

is

a=1-—9(

100

1-9
(\/2000

) ~ 0.0127

Example 2 Suppose X; i.i.d. and ~ N(0,02), X ~ N(a,o?) is independent
from X;, Hy:a=0, H; : a #0.

. . C . . . . C . . X
1. If Z — b satisfies t(d) distribution (which is the distribution of 7 where

X and Y are independent, X ~ N(0,1), Y ~ x2(d)), |Z| > M is a test
for Hyp : b= 0. Find the significance level of this test.

2. Find C,, such that

\/W ~t(n).

3. Use the test in 1. to find a test for Hy : a = 0 with significance level a.
Answer:

L a=P(Z] = M|Z ~1(d)) = 2(1 - Fy (M)

2. Use definition we know that C, = /n.

3. The test is the random event where the CI does not contain 0. Hence it is

|X | > t(d)( —a/2)

2 X2
Example 3 X;, X5 i.i.d. uniform on [a,a +].

1. Find a CI for ! of the form [C]|X; — X32|,00) with CL 1 — «

2. Use this CI to derive a test for Hy : [ = 1 with significance level a.
Answer:

1 1—a=P(l> CIX; — Xs|) = P(X) — X5 < &), 50 C = 1/(1 - v/a).

2. 1X1 — Xa| > 1 — Vau
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True or false

e Let Z be a test statistics, Hy, H), two disjoint null hypothesis, if the
significance level of Z € C' as a test for Hy is 0.05, the significance level of
Z € C' as a test for H| is 0.05, then Z € C N’ as a test for Hy U H|, is
no more than 0.05

o If X iid., 0 is a parameter of the distribution of X;, I,, a 1 — a-CI for
0 such that the maximal length goes to 0 as n goes to infinity, then the
midpoint of I,, is a consistent estimator for 6.

Answer: True, False.
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