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1 First order logic

1.1 Basic concepts

e A deduction consists of a sequence of sentences or other deductions.

e There are two types of sentences: some are true or false, while others
contain unknown quantities (free variables) and its truthness depends on
the choice of those quantities. The first type are called propositions, the
latter called predicates.

e For example, “we are all going to die some day”, or “the earth is flat”, is
a proposition, “z 4+ 1 > 2”7 is a predicate.

e When we add (“deduce”) a proposition in the deduction, we mean that if
all the preceding propositions in its context is true, then this new propo-
sition is true. When we add a predicate, we mean if its free variables are
chosen so that all the preceding sentences are true, then it is true.

e For example, from “the square of any real number is non negative” and “2
is a real number” we can get “22 is non negative”, while from “the square
of any real number is non negative” and “x is a real number” we can get
“z2 is non negative”

1.2 The elements of the first order language, and the rules
for deduction

In what follows we use Ay, As,... A+ By, By ... B; to mean “By,...B; can be
deduced from Ay, ... Ax”. In other words, all B; are true if all A; are true. The
deductions we will cover is called natural deduction because we are allowed to



make new assumptions, i.e. change things on the left of F sign.

e Predicates and functions

— A(z) denotes a predicate which gives a truth value for any values of x.
The truth value depends only on what zis. (a =bF A(a) < A(b))

— f(x) denotes a function which sends a value z to another value. The
result depends only on the value of . (a =bF f(a) = f(b))

— The usual practice is to use upper case letters to denote propositions
and predicates, lower case letters from the beginning of the alphabet
(like a, b, ¢, f, g...) to denote functions or constants, and lower case
letters from the end of the alphabet (w, x, y, z) to denote variables.
However this is not followed at all time and the exact meaning of a
letter should be determined by context.

e A And
— To show A A B, need to show that both A and B are true. (A, B+
AN B)
— If AA B is known to be true, then A is true, B is also true. (AABF
A, B)
ANB
— Truth table:

SN N IS
SR N Ry
o™ >

e V Or
— To show A V B, one can either show A is true, or show B is true.
(AHAVB; B AV B)

— If AV B is known to be true, both A and B implies C, then C'is true.
(AVB,A = C,B = CFC; AVB,(AFC),(BFC)F(C)

AV B

— Truth table:

SRS NN IS
SRR N Ry
o HHH

e — Not, L Contradiction

— A can be replaced by =—A and vice versa. (AF ——A; ——AF A)

— To show —A, one can assume A and deduce a contradiction. (proof
by contradiction) ((AFL)F —A)



— If A and —A are both known to be true, there must be a contradiction.

(A,-AFL)
— If there is a contradiction, one can deduce anything from it. (L A)
A —A
— Truth table: T F
F T

¢ — Implies

— To show A = B, assume A, try to deduce B from it. ((A+ B)F
A = B)

— If A = B is known to be true, and A is true, then B is also true.
(A = B,AF B)

A —=— B

— Truth table:

SR RIS

B
T
F
T
F

B

e < If and only if

- A < Bisthesameas (A = B)A(B = A). (A < BF
(A= B)AN(B = A); A < BFrA = B,B = A4;
(A= BJANB = AHF+HA < B;A = BB = AF
A < B)

— A <= B is the same as (AA B) V (—A A —DB).

A B A< B
T T T
— Truth table: T F F
F T F
F F T
e V For all

— To show VzP(x), need to deduce P(zx), here the variable z can not
appear in any assumptions as a free variable, i.e. one can not assume
anything on x. (for example, one can not say “assume P(z), then
VeP(x)”) (A(x) - VzA(x))

— If Yz P(x) is known to be true, then P(t) is true for any term ¢ that
does not contain bounded variable in P. (for example, one can not
say VadyP(x,y) implies JyP(y,y)) (VzA(x) F A(t))

o 1 Exists

— To show JxP(x), need to show that P(t) is true for some ¢ that does
not contain bounded variable in P. (for example, one can not say
VyP(y,y) implies JaVyP(z,y)) (A(t) F Iz A(z))



— If 32P(z), and the fact that P(y) is true for some y would induce B
(which does not contain y), then B can be deduced. Here y must be
a distinct variable. (for example, if we know JzA(x), we can not say
“let y be such that A(y), then A(y), then YyA(y)”) 3zA(x), (A(x) F
B)F B)

e = Equals

— = satisfies the usual qualities one should expect, like a = a, if a = b,
b=cthena=c ifa=bthenb=a. (Ft=¢tt=s,s=rkt=r;
t=sks=t)

Summary of the deduction rules: (Color: Creation of a symbol, Annihilation
of a symbol)

e Predicate and Function: a = b+ A(a) <= A(b); a=bF f(a) = f(b)
e \: ABFAANB; ANBF A, B

e V: AFAVB; BFAVB; AVB/A — C,B — CFC; AVB,(AF
C),(BEC)FC

o ¢ A A AR A
e L (AFL)F—A4; A -AFL; 1FA
¢ —: (AFB)FA = B; A — B,AFB

o <—: A < BF((A = BANB = A); A
— BB = A4 (A = B ANB = A)*F

<— B F
A =
A= BB —= A+ A < B
v
3

B.

)

A

D Ax) EVzA(z); Ve A(x) B A(t)
D A(t) F JzA(z); JxA(x), (A(x) - B) F B

hHt=tt=s,s=rkFt=r;t=sks=t

1.3 Examples for deduction in first order logic

Here we do not distinguish “A” and “A is true”, and sometimes just add “is
true” to make the sentence more readable. In more formal treatment of logic
however these two statements would need be distinguished.

All the results of the examples here can be used in HW or exams without
needing to prove them yourself.

Indentations here are just to clarify the logical orders of the assumptions, you
do not need to write proofs in lines or with indentations in HW or exams.



Example 0 (A = B) < (=B = —A4)
Proof strategy: This is an iff statement, so assume one side, try to deduce the
other side, and vice versa. The negatives in the statement would need to be
dealt with using double negatives or proof by contradiction.
Proof:
Assume A = B
Suppose - B
Suppose A
Then B must be true
Contradiction
Hence - A
Hence -B — —-A
Hence (A = B) = (-B = -A)
Assume -B = —A
Suppose A
Suppose =B
Then - A
Contradiction
Hence -—B, i.e. B
Hence A = B
So (B = —-A) = (A = B)
(A = B) <= (nB = -4)

Example 1 AV -A
Proof strategy: This is an or statement so one would need to show either A or
—A. However, in general neither proposition can be guaranteed to be true, so a
possible way around it is to use proof by contradiction.
Proof:
Assume —(AV —A)
Assume A is true
AV —A is true
This contradicts with the assumption
Hence —A is true
Hence AV —A is true
Contradiction
Hence - —=(AV —A), ie. AV —A.

1.3.1 One can define some of the 5 logical symbols =, A,V, = | <=
by the other symbols

Example 2 AAB < —-(A = -B)
Proof:
Assume AN B
Assume further that A = —-B
From the first assumption, A is true
Hence —B from the second assumption



However also from the first assumption, B is true
Contradiction
Hence -(A = -B)
Hence ANB = —(A = -B)
Assume (A = —-B)
Assume —A
Further assume A is true
There is a contradiction
Hence —B is true
Hence A = —-B
This contradicts with the assumption that (A = —B)
Hence ——A, i.e. A is true
Assume B
Further assume A
Because —B is already known to be true, we have A =— —-B
A contradiction
Hence -—B, ie. B
This implies A A B
So (A = -B) = AAB
Hence AANB <— —(A = -B)

Example 3 AV B < (-A = B)
Proof:
Assume AV B
Assume A is true
Assume further that —A is true
There is a contradiction, hence B is true
Hence A — B
Hence A = (A = B)
Assume B is true
Assume —A is true
Because B is already known to be true, A — B
Hence B = (~A = B)
Hence AVB = B = (-A = B)
Assume A =— B
From example 1, we have AV —A
Suppose A
Then AV B
So A = AVB
Suppose - A
Then B
Hence AV B
Hence ~A = AV B
Hence (AV-A) = AVB



Hence AV B
Hence (A = B) = AVB
Hence AV B <— (-A = B).

Example 4 (A = B) < -AVDB

Proof:

By Example 3, " AV B <— (——A = B)
Hence Example 4 follows, because —=—A is just A.

1.3.2 Negating a proposition

Example 5 —(AAB) <= (-AV-B)
Proof: Assume —(A A B)
From Example 1, AV -A
Suppose A
Further suppose B
Then A A B, a contradiction
Hence -B
Hence -AV —B
Hence A — —-AV -B
Suppose —A
Hence AV —-B
Hence ~A — —-AV-B
Hence (AvV -A) = -AV-B
Hence ~AV -B
-(AAB) = -AV-B
Suppose ~AV B
Suppose A A B
Then A and B are both true
Suppose —A
There is a contradiction
So —A implies a contradiction
Suppose -B
There is a contradiction
So =B implies a contradiction
Hence —A vV —B implies a contradiction
Hence there must be a contradiction
Hence ~(A A B)
Hence ~AV -B = —(AAB)
-(AAB) < -AvV-B

Example 6 —(AV B) <= (-AA-B)
Proof:
Suppose ~(A V B)

Suppose —~(—A A =B)



From Example 5, we have =——AV —-—-B,ie. AVB
A contradiction
Hence A A—-B
Hence -(AV B) = -AA-B
Suppose “A A -B
Suppose AV B
Then ——AV —-——B
Then from Example 5, =(=A A =B)
Contradiction
Hence ~(AV B)
Hence ~AAN-B = —(AV B)
Hence ~AA-B <= —(AV B)

Example 7 -(A = B) < —-BAA
Proof:
Suppose (A = B)
Then -(A = ——B)
From Example 2, we have A A =B
Hence (A = B) = AA-B
Suppose "B A A
From example 2, we have (4 = ——-B), i.e. 2(A = B)
Hence -BANA = —-(A = B)
Hence -(A = B) <= -BAA

Example 8 —(A <= B) < (WBAA)V(-AAB)
Proof: This follows from Example 5 and Example 7.

Example 9 —VaP(z) < Jz—-P(z)
Proof strategy: When we assume left hand side and try to deduce the right hand
side, we need to prove an existence statement. This could be done by using
examples, but such an example is not obvious, so we try proof by contradiction.
Proof:
Suppose “VzP(x)
Further assume that -3z—P(x)
Suppose for some y, = P(y)
Then Jz—P(x)
Contradiction
So == P(y), i.e. P(y)
Hence VaP(x)
Contradiction
Hence Jx—P(x)
Hence -VzP(x) = Jz—P(x).
Suppose Jx—P(x)
Let y be such that - P(y)
Suppose Yz P(x)



Then P(y)

Contradiction
Hence —VzP(x)
Hence dz-P(x) = —VaP(x)
—VzP(x) <= Jz-P(z)

Example 10 —-3zP(z) <= Vz-P(z)
Proof:
Suppose ~JzP(x)
Suppose P(y) for some y
Then JzP(x)
Contradiction
Hence —P(y)
Hence V& P(x)
Hence -3z P(x) = VzP(z)
Suppose Yz—P(x)
Suppose JzP(x)
Let y be such that P(y)
By the prior assumption that Va—P(x), we have = P(y)
Contradiction
Hence -3z P(x)
Hence Vz—P(x) = —-3zP(x)
—JzP(x) <= Vz-P(z)

1.3.3 Injections

Example 11 (VaVy—(z =y) — ~(f(z) = f(v))) = (VaVy-(z =y) —
;(f({(x)) = f(f®))
Suppose VaVy—(z = y) = —(f(z) = f(y))
Consider some z, w so that =(z = w)
Then by assumption, =(z = w) = —(f(z) = f(w))
Hence —(f(2) = f(w))
Also by assumption, ~(f(2) = f(w)) = ~(f(f(2)) = f(f(w)))

Hence —(z = w) = —(f(f(z
Hence VaVy—(x =y) = —(f(
(VaVy-(z =y) = ~(f(z) =
f(fw)))

1.3.4 More tautologies in proposition logic

Example 12 (A = B)A(B = ()) = (A = ()
Proof:

Assume (A = B)A (B = ())

Then A = B

10



Assume A
Then because A — B, B is true
Also from the first assumption, B = C
So C'is true
So A = C
So((A = B)A(B = () = (A = (O)

Example 13 (AAB)AC < AAN(BAC)
Proof:
Assume (AAB)AC

Then both A A B and C are true

Hence A, B, C are all true

Hence B A C'is true

So AN (BAC) is true
This shows that (AAB)AC = AAN(BAC)
Assume AN (B AC)

Both A and B A C are true

A, B, C are all true

Hence (A A B) is true

Hence (A A B) A C is true
Hence AN(BANC) = (AANB)AC

Example 14 (AVB)VC <= AV (BVC(C)
Proof:
Assume (AV B)Vv C
Assume AV B
Assume A
Then AV (BV C)
Hence A =— AV (BV ()
Assume B
Then BV C, which implies AV (B V C)
Hence B = AV (BVC)
Hence AV (BV ()
Hence AVC = AV (BVC)
Assume C
Then BV C
Hence AV (BV C)

This implies that AV (B V C) is true
Hence (AVB)VC = AV (BVC)
Assume AV (BV C)

Assume BV C

Assume C

Then (AV B) Vv C
Hence C = AV (BVC)
Assume B

11



Then AV B, which implies (AV B) v C
Hence B = (AV B)VvVC
Hence (AV B)Vv C
Hence BVC = (AVB)vC
Assume A
Then AV B
Hence (AV B) Vv C
This implies that (AV B) V C is true
Hence AV(BVC) = (AvB)VvVC
Together with the results of the first half, we get (AV B)VC <= AV (BVC(C)

Example 15 AV (BAC) <= (AVB)A(AV ()
Proof:
Suppose AV (BAC)
Assume A
Then AV B, AV C are both true
So (AVB)A(AV(O)
SoA = (AVB)A(AV ()
Assume BAC
Then B and C are both true
Hence AV B, AV C are both true
So (AVB)A(AV(C)
So BAC = (AVB)AN(AV ()
So (AVB)A(AVC)
This shows AV (BAC) = (AVB)A(AVC)
Suppose (AV B) A (AV C)
Then AV B and AV C are both true
From Example 1, we have AV —A
Suppose A is true
Then AV (BAC) is true
Suppose —A is true
Since AV B is known, we consider the two cases, which is when A is true and
when B is true
Suppose A is true
There is a contradiction, hence B
Suppose B is true, we get the same result
Hence B is true
Do the same for AV C, we get that C is true
So B A C is true, which implies AV (B A C)
So AV (BAC)
This shows that (AV B)A(AVC) = AV (BAC)
Hence AV (BAC) < (AVB)A(AV ()

Example 16 AA(BVC) < (AAB)V(ANC)
Proof:

12



Suppose AN (BV C)
Then A is true
And BV C is true
Suppose B is true
Then A A B is true, which implies (AA B)V (AAC)
Hence B = (AAB)V(ANC)
Suppose C' is true
Then A A C is true, which implies (AA B) V (AAC)
Hence C = (AAB)V(AAC)
Hence (AA B)V (AAC) is true
This shows that AAN(BVC) = (AAB)V(AAC)
Suppose (AAB)V (AAC)
Suppose AN B
Then both A and B are true
Hence BV C is true
Hence AN (BVC)
Suppose AAC
Then both A and C are true
Hence BV C is true
Hence AN (BV Q)
This shows that AA (B V C) is true
Hence (AANB)V(ANC) = AAN(BVC)
This shows that AN (BVC) < (AAB)V(AAC)

1.4 A few more commonly seen logic symbols
e a # b is short hand for —~(a = b)
o AxP(z) is short hand for =3z P(x)

e JlxP(z) means (FxP(z)) A (VaVy(P(z) A P(y) = (z=1y)))

13



2 First order theory of natural numbers (First
order Peano Arithmetics)

To remind ourselves and others that we are doing deduction in the universe of
natural numbers, we replace Vx with Vx € N, dx with dz € N.

2.1 New symbols and rules

e We introduces 4 more symbols and 7 more rules associated to them. The
symbols are: 0, s(-) (successor, intuitively, s(n) =n+ 1), +, x. Here 0 is
a constant and the other 3 are functions.

e Rule 1: s is an injection: Yo € NVy € N=(z =y) = —(s(z) = s(y))
e Rule 2: 0 is the first natural number: =3z € N(0 = s(z))

e Rule 3: Mathematical induction: (P(0)AY € Nz(P(z) = P(s(z)))) =
vV € Nz P(x)

e Rule 4: First rule for addition: Vz e Nx +0 ==z
e Rule 5: Second rule for addition: Vo € NVy € Nz + s(y) = s(z + y)
e Rule 6: First rule for multiplication: Vx € Nx x 0 =0

e Rule 7: Second rule for multiplication: Vo € NVy € No x s(y) =z xy+

A shortened format for writing proofs using mathematical induction is:
(what needs to be proved is Vz € NP(x))
Induction on x
Prove P(0)
Suppose P(z)

P(s(x))

Hence by induction, Vo € NP(z).

The numbers are defined as 1 = s(0), 2 = s(s(0)), .... s(z) can also be written
as z + 1.

2.2 Some examples

Example 17 1+2=3

Proof:

5(0) + 5(5(0)) = s(5(0) + 5(0)) = s(s(s(0) + 0)) = s(s((0))) = 3.

Here we repeated use the properties of = in logic and the rule 5 and 6 for natural
numbers.

14



Example 18 Vz € N-(z = s(z))
Proof:
Induction on z.
Suppose 0 = s(0)
Then 3z € NO = s(x), which contradicts with rule 2
So —~(0 = 8(0))
Suppose —(z = s(z))
Suppose (s(z) = s(s(z)))
Then by Rule 1, x = s(x), a contradiction
Hence ~(s(z) = 5(5(2)))
By induction, Yz € N=(z = s(z))

2.3 Properties of arithmetics

The followings are true for all natural numbers a.b,c...:

e 0+a=a
ea+b=b+a

(a+bd)+c=a+(b+c)
e Oxa=0

eaxb=bxa

(axb)xc=ax(bxc)

x(b+c)=axb+axc

a+b=c+b < a=c

eaxb=cxb <= (b=0Va=c)
e ...

They can all be easily proven via mathematical induction.

Example 19 Ve NO+z ==z

Proof:
Induction on z
0+0=0

Suppose 0 +x =z
0+ s(z) =s(04 ) = s(x)
Hence by induction, the proposition is proved.

15



Example 20 VxeNYyeNe+y=y+z
Proof:
Induction on x
Vy € NO+y =y =y + 0 by Example 19
Suppose Vy e No +y =y +x
Induction on y
s(z)+0=s(x) =0+ s(x)
Suppose s(z) +y =y + s(x)
s(z) + s(y) = s(s(x) +y) = s(y + s(z)) = s(s(y + z)) = s(s(z +y)), and
s(y) + s(x) = s(s(y) + ) = s(x + s(y)) = s(s(z +y)), these two are the same
Hence by induction, Yy € Ns(z) +y =y + s(x)
By induction, the proposition is proved.

2.4 Divisibility and comparison

Definition: qa|biff e e Nb=a x ¢

Definition: a <biff ce Nb=a+c,a>biff b <a, a <biff a <b and
a#b,a>biff b <a.

Definition: The power function is defined as m® = 1 when m # 0, m"+! =
m™ x m. The factorial function is defined as 0! = 1, (n + 1)! = nl(n + 1). The

summation symbol is defined as X% f(i) = f(a), Y02} f(a) = S20_, f(a) +
f(b+1). The product symbol is defined as [[;_, f(i) = f(a), Hfii fla) =
[T /(@) % f(b+1).

Remark Strictly speaking, the concept of functions in first order logic as de-
scribed in the previous section must be defined everywhere, so if one wants to
be completely rigorous one should extend those functions to where they are un-
defined, e.g. let 0° = 1.

More properties:
ea=bVa<bVa>"b
e ~(a<bAa>Db)

e (a<bAb<c¢) = a<c

alb = alb x ¢

abha>0 = a<b

c>0 = (a<b <= a+c<bt+c < axc<bxc)

16



All these can be proven from the rules, definitions and the properties of x and
+ in the previous subsection.

2.5 Formal and informal proofs

Formal proofs: every step must be an assumption, or follows from prior steps
using one of the prescribed rules (rules of first order logic, first order theory of
natural numbers, etc).

Guideline for informal proofs:

e Write down enough steps so that a reader that is mathematically literate
can fill in the rest and get a formal proof.

e For the current class, write down as much detail as the examples I do in
class/put in lecture notes.

e When you’re not sure, err on the side of more details.

Examples of formal vs informal proofs:

Example 21 VzeN(z=0vIyeNe=y+1)
Formal Proof:
Induction on z.
0=0
Which implies 0 =0V 3Jdy e NO=y + 1
Suppose z =0V Iy e Nz =y +1
r+l=x+4+1
JyeNz+1=y+1
r+1=0vVidyeNer+1=y+1
By induction, Ve e N(x =0V Iy e Ne =y + 1)
Informal proof:
We prove it by induction on . When z = 0, 0 = 0. Suppose the statement
=0V dy € Nz =y + 1 is known for some z, because x +1 = x + 1 it is also
true for x + 1. Hence it is true for all x.

Example 22 VzeNVye Nz <yVy<ax)

Informal Proof:

Induction on z. 0 < y for all y. Suppose this is known for some value z, then,
for each y, either x < y or y < z. In the latter case y < x + 1, while in the
former case, let z be such that y = x + z, then from the previous example z = 0
orz>1. If z=0then x =y and y <z + 1, while if 2 > 1 then z + 1 < y.
Hence in all cases the statement is true for x + 1, the proposition is proved.
Formal Proof:

17



Firstly include the proofs of Example 19, Example 20, Example 21, and the
associativity rule of addition.
Induction on z
By Example 19,0+ y =y
0<yvy<0
Yy e N0 <yVy<0)
Now suppose Vy € N(xz <y Vy < z)
r<yVy<cz
Suppose = <y
JzeN@z+z=y)
By Example 21, 2 =0V 3Iw e Nz =w+1

Suppose z =0
r=x+0=y
y+l=a+1
y<z+1

r+1<yvy<ax+1
Suppose Jw € Nz =w + 1
Let w be such that z =w+1
(x+1)+w=z+ (1+ w) by associativity rule of addition.
1+ w =w+ 1 by Example 20.
+D)+w=c+(1+w)=z+(w+1l)=zx+2=y
r+1<y
Hencez+1<yVvy<z+1
Byvrue,z4+1<yvy<z+1
Suppose y < x
JzeNy+z=ux
Let z be such that y +z ==
y+(z+l)=x+1
y<z+1
r+1<yvy<z+1
By V rule again, s +1 <yVvVy<z+1
By induction, the Example is proved.

Starting from now we will stop requiring that all deduction steps
must follow the rules of first order logic or Peano arithmetics. In
other words, we will freely use properties about numbers we learned
in grade schools and in your previous classes.

Example 23 Vz e N-(Jye Nz =2y AJy e Ne =2y +1)
Proof:
Suppose Jy e Nt =2y AJy e No =2y + 1
Let z be such that z = 2z
Let w be such that x = 2w + 1
(By Example 22) z <wVw < z
Suppose z < w

18



JeeNw=z+c¢c
Let ¢ satisfy w =z 4 ¢
2(z+c¢) + 1 = 2z, hence 2¢ + 1 = 0, contradiction.
Suppose w < z
JeeNz=w+c¢
Let ¢ satisfy z =w + ¢
2w+ 1=2(w+c), hence 1 = 2¢
Whether ¢ = 0 or ¢ > 0, there is a contradiction.
Hence -3y e Ne =2y Ay e Noe =2y + 1
Ve-dy e Ne =2y Ady e Noe =2y + 1

2.6 Further examples on induction and proof writing

e Unless specified, in an informal proof you are allowed to use simple tau-
tologies in first order logic (similar to the examples in this notes) as well as
things you learn prior to this course (e.g. arithmetic, Euclidean geometry,
calculus etc).

e Clearly distinguish comments (“we are going to show...”, “This is because
of ...7), assumptions (“suppose..”, “Let x satisfy...”) and other regular
statements in the proof.

e It’s never a bad idea to write more details, but the “details” have to be
correct

e For now, it is recommended that you write down the reasoning of every
step in parenthesis when writing proofs.

Example 24 Problem 4 in Workshop 2:
Suppose x2 = 2y
By Problem 3, 32’ € N(x = 227)
41,/2 — 2y2
222 = 42
By Problem 3, 3y’ € N(y = 2y/)
Jr' e NIy € N(z2 =2y A = 22" Ay = 2y)
12 =2y = I’ eNFy e N(@? =292 Ao =22" Ay =2y)

This indicate to us that we should try induction on x, because what happens to
a larger x can be reduced to what happens to a smaller x. Yet attempts of simple
induction doesn’t work. What is needed is first strengthen the proposition that
needs to be proved then use induction, as follows:

Induction on N to show that Vo € N((z < N) = Vy € N(z? =2¢y*> = z =
0))

When N = 0, z < N implies z = 0, hence this predicate is true. (here we
used tautology (A — (C) = (A = (B = ()), and the fact that
a<0 = a=0)
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Suppose Vz € N((z < N) = Vy € N(z? =2y?> = z=0))
Suppose -Vx € N((x < N +1) = Vy € N(2? =2y? = 2=0))
Then 3z € N((x < N + 1) A Jy € N(z2 = 2y2) A =(z = 0))
Let x, y satisfy 22 = 2y? and = # 0.
Due to the earlier argument, 3z’ € N(z = 22’), 3y’ € N(y = 2¢’), and
2 = 2y/2.
Because ' < z, ' < N, a contradiction.
Hence Vx € N((x < N +1) = Vy e N(2? =2y? = 2=0))
The Example is proved due to induction.

Example 25, an example of recursive definition Vn € N(2" > 2n)
Proof:
Induction on n
20=1>0=2x0
Suppose 2™ > 2n
27l > 4p
We known=0Vvn>1
Suppose n =0
2t =2>2=2x(0+1)
Suppose n > 1
4n > 2(n + 1), hence 2" > 2(n + 1)
By induction, ¥n € N(2™ > 2n)

Generally, if one need to make use of recursive definitions (define a function
using the same function, but acts on different values), one use mathematical
induction.

2.7 The remainder theorem

Example 26, Remainder theorem Vz € N((z > 0) = (Vy € Ndlr €
NilgeNr<azAy=xq+7r))
Proof:
Suppose z > 0
For existence: prove by induction on y
When y=0,0=2x0+4+0,s0 wecan let r=¢=10
Suppose Ir e NdJg e Nr < 2 Ay =xq+r
Wehaver+1<zorr+1=x
Suppose r +1 < x
Thenr+1<zxAy+1l=zq+r+1
sodreNJgeNy+1=xq+r
Suppose r+1==x
Then 0 <z Ay+1=2z(¢g+1)
sodreNJgeNy+1=aq+r
By induction, Vy3r e N3¢ e Nr < x Ay =zq+7r
Now for uniqueness: suppose xq +r =x¢ +7r,r <z, 1 <=z
gq=q orqg<qorqg>q
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Suppose ¢ = ¢/, then zq = zq’, hence r = r’, which shows uniqueness of both ¢
and r

Ifg<q¢,letqg =p+q,sor=xp+71'. Because p > 1, zp + 1’ > x, a contra-
diction, hence uniqueness is also true in this case.

The situation for ¢ > ¢ is similar.

2.8 Alternatives to induction

We have an alternative presentation of induction:

Example 27 (Any non empty set of natural numbers has a minimum element)
(3x e NP(z)) = (Fz € N(P(x) A (Vy € N(P(y) = =z <y)))).
Proof:
We prove the contrapositive.
Assume Vz € N(—=P(z) V Iy € N(P(y) Ay < z)).
We will use induction on z to prove Va € N-Jy € N(P(y) Ay < x)
Suppose Jy € N(P(y) Ay < 0)
Yet -3y € N(y < 0)
Contradiction
Hence =3y € N(P(y) Ay < 0)
Suppose -3y € N(P(y) Ay < )
Suppose Jy € N(P(y) ANy <z + 1)
Let z be such that P(z) Az <z +1
Suppose z < x
Jy € N(P(y) Ay < z), a contradiction
Hence z =z
Because of the initial assumption, and that P(z) is true, 3y € N(P(y) Ay <

z)
Hence Jy € N(P(y) Ay < z), a contradiction.
Hence -3y € N(P(y) Ay <z +1)
By induction, Vo € N=3y € N(P(y) Ay < x)
Hence Vz € N-P(x)
The Example is proved.

An equivalent formulation of Example 27 is:

P(0) AVn(Vz((x <n) = P(z)) = P(n)) = VzP(x)

This provides an alternative proof of Example 24 and Example 26.

Example 24 (alternative proof)
Suppose 2% = 2y?
By Problem 3, 32’ € N(z = 22/)
4% = 292
2.7}/2 — yQ
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By Problem 3, 3y’ € N(y = 2y/)
Jo’ € NIy € N(a? =2y Ao = 22" ANy = 2y)
12 =2y = I’ e NIy e N@? =292 Ao =22" Ay =2y)
Induction on z to show that Vz € NVy € N(z? = 2y? = 2 =0)
When N = 0, z < N implies z = 0, hence this predicate is true. (here we
used tautology (A = C) = (A = (B = ()), and the fact that
a<0 = a=0)
Suppose (r < N) = Vy € N(z? =2¢y? = 2=0)
Suppose (N +1)? = 2y
Due to the earlier argument, 32’ € N(N + 1 = 22'), Iy’ € N(y = 2¢/), and
2 = 2y’2.
Because 2’ < N+ 1,2’ < N, hence 2’ =0 Hence N +1 =2z =0.
Hence Vo € N((x < N +1) = Vy € N(a? =2y?> = 2 =0))
The Example is proved due to induction.

2.9 Primes

Definition A natural number p is called “prime” iff p > 1 A (Vf € Nf|p =
(f=1Vvf=p)).

Example 28 Vn € N((n > 1) = 3Jp € N(Prime(p) A pn))
Proof:
Suppose otherwise
Let n be the smallest n so that (n > 1) AVp € N(pjn = —Prime(p)).
nln
Hence —Prime(n)
Hence Im € N((m|n) A (m > 1) A (m < n))
Let m satisfy mn Am >1Am<n
Inductive hypothesis implies that Ip(Prime(p) A p|m)
Let p’ be a prime number that divides m
Then p'|n, a contradiction.
Hence Vn € N((n > 1) = 3p € N(Prime(p) A p|n))

Example 29 Vp € N(Prime(p) = Vz € NVy € N(p|(zy) = (plz Vply))).
Suppose otherwise.
Let p be the smallest prime number so that Vo € NVy € N(p|(zy) = (p|z V
ply)) is false.
Let x be the smallest natural number so that Jy(p|(zy) A =(p|z) A —(ply))
Let y be the smallest natural number so that (p|(zy) A —(p|x) A =(ply))
Suppose p < x
Let z=p+2’
From Example 26, let r, ¢ satisfy 2’y =qp+rAr <p
Then zy = (p+2')y =py +2'y =plg+y) +r
Hence r = 0, p|(z'y)
From Example 26, let v, ¢’ satisfy 2’ =" +¢'pAr' <p

22



Then 2 = (¢’ + D)p+ 1/
Hence 1’ # 0, =(p|a’)
By assumption, —(ply)
Contradiction with the minimality of z
Hence z < p
Similarly, y < p (go through the same argument, with x replaced with y)
Let xy = pk
Then k < p
k=0Vk=1VEk>1
Ifk=0
x =0 or y =0, a contradiction because p|0
Ifk=1
zy=pAx <pAy<p, a contradiction
Ifk>1
From Example 27, Let p’ be a prime number such that p'|k
By minimality of p, p’|z V p'|y
Suppose p'|z
Let w satisfy z = p'w
Then plwy and w < x
Contradiction
The case when p|y is the same.
(Here because “contradiction” doesn’t have any variables, all assumptions made
in the various “let” statements are all eliminated)
Hence Vp € N(Prime(p) = Vz € NVy € N(p|(zy) = (p|z V ply))).
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3

3.1

Sets

Definition of sets

The language of axiomatic set theory consists of the language of first order
logic with an additional predicate €. As in the case of natural numbers, we
will also extend this language by introducing various shorthand notations for
convenience.

Due to time constraint we will not do a rigorous treatment of axiomatic set
theory. However, all examples we will do (and all mathematics you learned so
far) can indeed be proved from the axioms and the deduction rules and it would
be a good exercise to try doing that yourself.

Here is a commonly used set of axioms for set theory (all lower case Latin
letters are sets, ¢ is a predicate)

Extensionality: VaVy(Vz(z €z <= z€y) = z=1y)
Empty set: JaVy—(y € x).
Transfinite induction: Vz(Vy(y € v = ¢(y)) = ¢(x)) = Vao(z)

Replacement: Yw; ...Vw,Vs(Vz(z € s = yd(z,y,w1,...wy,s)) =
JtVy(y € t = 3Jx € so(x,y,w,...wy,s))), ¢ is a predicate.

Pair: VaVy3z(z € z Ay € z).
Union: VzdyVe(e €y <= Fz(z €z Ne € 2))

Infinity: Jz(FJy(y € ) AVy(y € 2 = Fz(z €z AVw(w ey = w €

) A=y = 2))))
Power set: VeIyVz(Vw(w € 2 = wex) < z€y)

Choice: Vz(Vz(x € 2 = Jy(y € 2)) = IfVp(p € f = FxTyVq(q €
p = q=zVVr(réeq = r=azVr=y)Az€zAycx)))

In English, these axioms are

Extensionality: Two sets are the same if they have the same elements.
Empty set: There is an empty set.

Transfinite induction: If a predicate being true for all elements of a set
implies that it is true for the set, then it is true for all sets.

Replacement: One can replace all elements of a set with other sets, and
the result will be a set.

Pair: There is a set consisting of two sets.

Union: The union of a set of sets is a set.
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e Infinity: This implies that N is a set.
e Power set: The power set of any set is a set.

e Choice: If there is a set of sets, one can define a function from it to the
union of its members, such that every element get sends to one of its
member. This is called a choice function.

We may discuss these axioms briefly at the end of the semester if we have some
extra time. They WILL NOT be covered in the exams.

Instead of refering to the axioms, we understand sets intuitively as collections of
mathematical objects that can be obtained via the various set-building operation
and will just use this intuition for proofs, i.e. we will do “naive set theory”. By
transfinite induction Yx—z € z so the collection of all sets is not a set. From
now on, if unspecified, “function” always mean set theoretic function and not
the “function” we saw in first order logic.

3.2 Basic concepts in set theory

By default almost all of mathematics is carried out within set theory, in other
words, almost everything you have ever seen and will ever see in a math textbook
is a set.

e () is a set.

N is a set. (In set theory, where we want to make sure everything is a
set, it is often represented as {0, {0}, {0, {0},...}, the existence of which
is guaranteed by an axiom in ZFC)

o If A, B are two sets, t € A = x € B, then we say A is a subset of B,
denoted as A C B.

e From a finite collection of values x1,...x,, there is a set consisting of
them, denoted as {x1,...2,}.

o (Power) If X is a set, the power set P(X), which consists of all subsets of
X, is a set.

e (Specification) If X is a set, the collection of elements in X that satisfy
some predicate ¢, denoted as {x € X : ¢(x)}, is a set.

e (Union) If A is a set of sets, there is a set consisting of all the members
of that are in some member of A, denoted as (J,c 4 a (or JA). When
A={By,...B,} we write it as By U---U B,,.

e (Intersection) A is a set of sets, (),c4 @ (or () A) means {z € (J,cqa :
Va € A(x € a)}. When A = {By,...B,} we write it as By N---N B,.

(Exclusion) A and B are two sets, A\B means {z € A: ~(x € B)}.
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(Product) Given any two sets a and b, a pair (a,b) is a set, such that
(a,b) = (@',bV) <= a=a ANb=1V". If Aand B are two sets, there is a
set consisting of ordered pairs of elements in A and B, denoted as A x B.

e (Relation) A relation between A and B is a subset of A X B. (a,b) € R is
also written as aRb

e (Function) If a relation R between A and B satisfy that Vo € A3ly €
B(z,y) € R, R is called a function from A to B, denoted as R: A — B,
and xRy is written as y = R(z). A is called the domain, B the codomain,
{y € B:3x € A(z,y) € R} is called the range.

e (Injection, surjection, bijection) A function f: A — B is injective if Vz €
AVy € A(f(z) = f(y) = z =y), surjective if Vo € BIy € A(f(y) = x),
bijective if Vo € B3ly € A(f(y) = )

e (General Power sets) B4 means {R € P(A x B) : Vo € A3ly € B(x,y) €
R}, i.e. the set of functions from A to B.

e (General Product sets) If A is a set of sets, [, 4, @ means {f € (U
Va € A(f(a) € a)}, called the product of elements in A.

e (Axiom of Choice) VA() # AN=(D € A) = D # ],caa)

A .
aeA)

e (Transfinite induction) Let A be a predicate, then Vz(Vy € z(A(y)) =
A(x)) = Yz A(x)

e (Identity function) X is a set, the identity function idy € X% is defined
asVr € X(idx(z) =z), or idx = {(z,y) e X x X : z =y}

e (Inclusion function) Y C X, the inclusion function from Y to X is iy, €
XY Vz € Y(iy_u(z) = 2)

e (Composition) f € YX, g € ZY, their composition, denoted as g o f, is
defined as go f(z) = g(f(x)), or go f ={(z,2) e X x Z : Fy € Y((x,y) €
fA(y:2) €g)}.

e (Restriction) f € Y, X’ C X, the restriction of f on X', denoted as
flxr,is foix.x.

e Y X is also written as Map(X,Y).

3.3 Some examples of proofs in set theory

The steps in blue are straightforward use of the deduction rules and are there
for the sake of clarification, you can omit lines like that in your proofs.
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Example 30 (? = {0}

Proof:

By definition, §° = {f € P(0) x 0) : Vo € 03y € O(x,y) € f}.

Ox0=0

Hence P(( x 0) = {0}.

By the definition of empty set, x € () is always false.

Hence Vz((z € 0) = Ty € B(z,y) € 0) is always true

Henq():e () satisfies the predicate V € §3ly € (z,y) € f, and should be a member
of Y.

Hence (? = {(}.

Example 31 VAVBYC(A\(BNC) = (A\B)U(A\C))
Proof:
Suppose x € A\(BNC)
Then 2z € AN—z € (BNC)
Hence z € AN—(z € BAz € ()
Hence (z € AAN—a € B)V(x € AAN—z € C) (due to tautology PA-(QAR) <=
(PA-Q)V (PA-R)
This implies that z € (A\B) U (A\C)
Hence z € A\(BNC) = z € (A\B) U (A\C)
The proof that x € (A\B) U (A\C) = z € A\(BNC(C) is similar.
Hence A\(BNC) = (A\B) U (A\C)
YC(A\(BNC) = (A\B) U (4\0))
VBYC(A\(BNC) = (A\B)U (A\(C))
VAVBYC(A\(BNC) = (A\B)U (A\C))

Example 32 The function f: N — N, defined as f(z) = #?, is an injection.
Proof strategy: check the definition for injection for f.
Proof:
Suppose z € N
Suppose y € N
Suppose f(z) = f(y)
Then 22 = 3?
Suppose = # y
Thenz <yVy<zx
Ifx<y
z>0Ny>0
Hence 22 < xy < 32
Contradiction.
Similarly, y < = also leads to contradiction.
Hence x =y
Hence f(z) = f(y) — z =y
Hencey e N = f(x)=f(y) = x=y
Vy eNf(z) = fly) = 2=y
zreN = YyeNf(x)=fy) = z=y



Ve e NVy e Nf(z) = f(y) = x=y
Hence f is an injection.

Example 33 VXVYVfeYXVre XWye X(x=y = f(z) = f(y))
Remark: this is showing that set theoretic functions have similar properties as
the functions in logic.
Proof:
Suppose f € YX
Then Vz € X3z € Y(x,2) € f (definition of function)
Suppose z € X
Suppose y € X
Then 3z € Y((z,2) € f) (due to the second line)
Let z € Y satisfy (z,2) € f, i.e. 2= f(z)
Then Jw € Y ((y,w) € f) (due to the second line)
Let w € Y satisty (y,w) € f, i.e. w= f(y)
Then (z,w) € f (because x = y)
Hence z = w (due to the “uniqueness” part in the second line)
Hence f(x) = f(y)
VXVYVf e YXVr € XVy € X(z =y = f(x) = f(y)) (use = and V rules
3 times, then V rule twice, as in the last two examples)

Example 34 (Currying) VXVYVZ3c € ((ZY)X)ZXXY (c is a bijection )

Proof:
Define c as g = c(f) <= Vr € XVy € Y(f(z,y) = (9(2))(y))
First we show that V.f € ZX*Y3g € (Z¥)X(g = c(f)):

Suppose f € ZX*Y
Suppose = € X
Suppose y € Y
Az e Z(f(x,y) = z) (because f is a function from X x Y to Z)
VyeY3ze Z(f(x,y) = 2)
fo defined as f.(y) = f(z,y) is a function from Y to Z
Because f, is defined using f and z, it is unique as long as f and x are both
fixed
g(x) = fu is a function from X to ZY
VfeZ¥Y3g e (Z2Y) (g = c(f))
Next we show the uniqueness of ¢(f):
Suppose YV € XVy € Y(f(x,y) =
(¢'(2)) )
Suppose = € X
Suppose y € Y
(9(x)(y) = f(z,y) = (¢'())(y)
g(x) = ¢'(z) (because two sets are identical iff their members are identical)
9=y
Next we show that c is an injection:
Suppose c(f) = (/')

(9(x)(w) AVe € XVy € Y(f(z,y) =
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Suppose (z,y) € X XY
f(@,y) = (c(H)@)(y) = ((f)@)(y) = f(z,y)
Hence f = f’
Lastly we show that c¢ is a surjection:
Suppose g € (Z¥)X
Let f(z,y) = (9(2))(y)
Then g = ¢(f) by the definition of ¢
Hence c is indeed a bijection.

Example 35 VXVYVf € YX(f is an injection == 3Jg € Range(f)X (g is a bijection A
f = 7:Range(f)—ﬂ/ °g

Proof:

Let g : X — Range(f) be defined as g(z) = f(x)

Then g is injection because f is an injection

g is a surjection because Range(f) ={y €Y :3x € X(y = f(2))}

A(n(; ifx € X7 then iRange(f)—)YOg(z) = iRange(f)—)Y(g(‘T)) = Z.Range(f)—>Y(f(‘r)) =
flx

(Here I skipped the tedious checks for being a function, for injectivity and for
surjectivity as in the previous example, as those are straightforward use of the
quantifier rules and the definition of function/injection/surjection)

3.4 More examples of proofs

Notations in set theory:
e Cartesian product, power, union
e Function, injection, surjection, composition, inclusion, identity
e NZ,R,C

Note that “definitions of sets” are actually assumptions, which are eliminated
in the end because of the set building axioms.

Example 36 There is no function from N to N that sends z to x — 2 (—3f €
Map(N,N)Vz € N(z = f(z) +2))
Proof:
Suppose 3f € Map(N,N)Vz € N(z = f(z) + 2)
Let f satisfy f € Map(N,N) AVz € N(z = f(z) + 2)
Hence Vo € N3y € N(y = f(2))
Hence 3y € N(y = (1))
Let y satisfy y € NAy = f(1)
Then 1 =y + 2, contradiction. Hence ~3f € Map(N,N)Va € N(x = f(z) + 2)
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Example 37 There is a surjection from P(N) to N (3f € Map(P(N,N))(Vx €
N3y € P(N)f(y) = z))

Proof:
Let f(z) = {0 =0
m mexAVy € x(ly>m)
Suppose z € P(N)
Ifx=10
From the definition above, f(z) =0
Ay (f(x) =y)
Ifx#£0

Then 3m € N(m € x AVy € x(m <vy)) Let m satisfy (m € x AVy € x(m <
y))
Suppose m’ also satisfy (m' € o AVy € z(m’ <y))
Then m <m/ Am' <m
Hence m = m/
Sy (f(z) = )
Hence f is a function.
Assume z € N
f({a}) =
Hence f is a surjection.
The Example is proved.

Example 38 35 € P(N)(0 ¢ SAVa € SVbe S(a<b = Im € Nb=2"q))
Proof:
Let S ={z € N:3m e Nz = 2™}
Suppose m € N
2m >0
Hence 0 € S
Suppose a € S
Suppose b € §
Suppose a < b
Let a =2™
Let b =2"
Then m < n
b=2"""q
Hence Va € SVb € S(a <b = Im € Nb=2"q)
Hence 35 € P(N)(0 € SAVa € SVb e S(a <b = Im € Nb = 2™Mq))

Example 39 VX(X #0 — 3f € XP®vz e Xy e P(X)(f(y) = x))
Proof:
Assume X # ()

Let a satisfy a € X
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e x v = {7
Suppose z € X

Then f({z}) ==
Hence Vo € X3y € P(X)(f(y) = z))

VX(X #0 = 3f € XPEve € XTy € P(X)(f(y) = 7))

Example 40 35S € P(N)Va € SYbe€ STk € S(a=b+2kVb=a+ 2k)
Proof:
Let S ={z € N: 3k € Nz = 2k}
Suppose a € §
Suppose b € §
Let m, n satisfies m e Nyn e N, a =2m, b=2n
Ifm<n
b=a+2(n—m)An—meN
Ifm>n
a=b+2(m—-—n)Am—-neN
Hence 35S € P(N)Va € SVbe STk € S(a=b+2kVb=a+ 2k)

3.5 Cardinality

When S is a finite set (there is a bijection from S to some set of the form
{n € N:n < M}), ||S|| means the number of elements in S.

In general, ||A|| = ||B|| iff there is bijection between A and B, ||A|| < || B]| iff
there is an injection from A to B, or there is a surjection from B to A.

Example 39 shows that || X|| < [|[P(X)].

Example 41 (Cantor’s theorem) There is no surjection from X to P(X). In
other words, [|[P(X)]| > || X|.
Proof:
Suppose otherwise, let f be such an surjection.
Let S={zx e X 2 ¢ f(x)}
Let y € X satisfies f(y) =5
Then y € f(y) Ny & f(y)
Contradiction
Hence there is no surjection from X to P(X).

Example 42 For any natural number n, there is no surjection from {z € N :
x<n}tof{reN:z<n+1}

Proof:

Suppose otherwise
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Let m be the smallest natural number where there is such a surjection
Let f be such a surjection
m > 0, because there is no surjection from @ to {0}.

0 r)=m
If f(m —1) =m, then g(z) = {f(x) i:t(hirwise

fm=1) z=a

If f(m—1) < m, let a satisfies f(a) = m, then g(z) =< 0 x#aNflx)=m

flx) otherwise
In either case, g is a surjection from {r e N:x <m —1} to {z e N: z < m}
Contradiction.
Hence Example 42 is proved.

3.6 Equivalence class

A relation R C X x X is an equivalence relation if (Vo € X (z,z) € R) A (Vz €
XVy € X(z,y) € R <= (y,x) € R)A(Vz € XVy € XVz € X((x,y) €
RA(y,z) € R— (x,2) € R))

idx is an equivalence relation.

If R is an equivalence relation, X/R is defined as {S € P(X) : 3z € XVy €
X((y € S < (z,y) € R)}. The elements in X/R are called equivalence
classes.

Example 43 R = {(z,y) € NxN:3|(x —y)} is an equivalence relation. The
proof is obvious.

Example 44 (JX/R=X
Proof:
Suppose =z € |JX/R
Then 3C € X/R(z € C)
Let C be such an element in X/R such that z € C
Then x € X because C C X
Suppose z € X
Then [z] ={y € X : (z,y) € R} € X/R
Hence z € |JX/R

Example 45 V2 € X/RVy € X/R(zx =yVany=10)
Proof:
Suppose x = [a] € X/R,y=[b| € X/R,z Ny #
Letcexzny
Then (a,c) € R, (b,c) € R

32



Hence (a,b) € R
Suppose z € x
Then (a,z) € R
Hence (b,2) € R
Hence z € y
Hence x C y
Similarly, y C x
Hence z =y
Vre X/RVy e X/R(zx=yVany=10)

3.7 Indcutively defined functions

Example 46 3f € Map(N,N)(f(0) =1 AV e Nf(x +1) = (x + 1) f(2))
Proof idea: define the value of f on natural numbers one by one. In other words,
create a number of “partially defined functions” and “glue” them together.
Proof:
Let A= {9 € PINxN): (Vy € N((0,y
N((z+1,y) €9 = (€ N((z,2) € g)
Let f=JA
Now we show that f is a function (Vz € N3ly € N(z,y) € f) by induction on x
The case when = = 0 is because all elements g in A satisfies Vy € N(0,y) €
g <= y=1
Suppose ly € N(z,y) € f

Let y satisfies (z,y) € f

Then because f = |J A, there is some g € A such that (x,y) € g

Let ge AN (z,y) €y

Then gU (z +1,(x +1)y) € A

Hence 3y e N(z 4+ 1,y) € f

Suppose (z+1,2) € f

There is some h € A, such that (z +1,2) € h

There is some y' € N such that (z,3') € h C f and z = (z + 1)y’

The uniqueness of y such that (x,y) € f implies that y = ¢/, hence z = (z+1)y

Hence 3y € N(z + 1,y) € f
By induction, f is a function from N to N.
The fact that f satisfies the two other assumptions (f(0) = 1AVz € Nf(z+1) =
(x +1)f(x)) is obvious.

yeg < y=1)A (Ve € NVy €
ANy =(z+1)z)))}

3.8 Bijection and inverse

Example 47 VXVYVf € Map(X,Y)((3g € Map(Y,X)go f =idx N fog =
idy) = f is a bijection)
Proof:
Suppose f € Map(X,Y)
Suppose 3g € Map(Y, X)go f =idx N\ fog=idy
Let g € Map(Y, X) satisfies go f =idx A fog=1idy
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Suppose z, 2’ € X, f(z) = f(a')

v = g(f(2)) = g(f{)) = 2
Hence f is an injection.
Suppose y € Y

flaw) =yngly) e X
Hence Jx € X (g(x) =y), hence f is a surjection.
The example follows.
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3.9 Review

Not

And

Or

Implies, if.. then..

ﬂﬂ<>_l

if and only if

equals

For all

There exists

belongs to, is a member of

the set of natural numbers

the set of integers

the set of rational numbers

the set of real numbers

the empty set

A is a subset of B

NS BO|IN| Z|m | w| < |l

|
—|

the set of subsets of X, power set
yeP(X) < yCX

>
X
>~<

Cartesian product of A and B.
The set of pairs between elements in A
and elements in B.

{aeA:y(a)}

the subset of A consisting
of elements satisfying predicate .

f is a relation
between A and B

feP(Ax B)

f:A—B
f is a function

from A to B

feP(AxB)AVz e Adly € B((z,y) € f)
A is called the domain and B the codomain.
To check two functions are identical, show
that they are the same on their domain.

XY, Map(Y, X)

the set of functions from Y to X
{fePY xX):VyeYalze X((y,z) € )}

r <0

f(x){l z>0

VYa € A Va(a € A =
Ja€ A Jda(a € AN
f:R—=R f={(z,y) eRxR:

(r<0Ay=x)V(x>0Ay=1)}

Range(f), where f € B4

(beB:JacA(f(a) = b))
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f: A — B is injective

Vo € AVa' € A(f(x) = f(a’ x=u1)

f: A — B is surjective

) =
Yy € Bz € A(f(z) =y)

f: A — B is bijective

Vy € B3z € A(f(z) =y)

NA x €A < Va€ Az € a)
UuAa reUA — Ja€ Alx €a)
AUB r€AUB < (zr€AVxz€EB)
ANB r€eANB <= (r€ ANz € B)
A\B r€A\B < (zr€ ANz ¢ B)

R is an equivalence
Relation on X

RCX xXAWVxeX((xz,x) €R))
(Ve e XVy € X((z,y) € R
= (y,z) € R)A
(Vr e XVy € XVze X((z,y) € R
Ay,z) € R = (z,2) € R)

[x], or [z]r {y € X:(x,y) € R}. Here R
is an equivalence relation
X/R {SeP(X):3xeX(S=[z]lr)}
I1X 1] number of elements in X
idx {(z,y) e X x X 1z =y}

iy _,x, where Y C X

{(a,b) €Y x X : a = b}

go f, where f: X - Y
g:Y =27

{(z,2) e X xZ:FyeY((z,y) € f
AMy,z) € 9)}

f: XY, g=f"1

gof=idx A fog=idy

e In B={a€ A:9Y(a)}, aisabounded variable. This sentence is the same
as Va(a € B <= (a € ANY(a))).

e Although we write the proofs into steps we seldom come up with these
steps in the same order as we write them. Always think of a strategy first
before doing the writing.

e All deduction steps must happen in your mind, though the more obvious
ones don’t need to be written down

Example 48 : (universal property of empty set)
VX(X =0 <= VY (Map(X,Y) #0))
Proof:

Suppose X = ()

Let f=0

Then Vo € X3ly € Y(x,y) € f

Hence f € Map(X,Y), Map(X,Y) # 0
Suppose VY (Map(X,Y) # 0)

Then Map(X,0) # @

Let f € Map(X,0)

Then fC X x0 =0

Hence f =0

Hence Vz € X3ly € O(z,y) € 0
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ie. (—(z e X)Vv3Iyeb(z,y) el
Hence —(z € X) because 3y € O(z,y) € 0 is false
X=0

Example 49 : (Universal property of surjection)
VXVYVf € Map(X,Y)(f is a surjection <= VZVg,q' € Map(Y,Z)(go f =
gof = g=4)
Proof: will show =, the other direction left as exercise.
Suppose f is a surjection
Suppose g,9' € Map(Y,Z), go f =g'o f
Suppose y € Y
Let x € X such that f(x ) =y (by the definition of surjection)
Hence g(y) = g(f(z)) = ¢'(f(2)) = ¢'(y)
Hence ¥y € Y (9(y) = ¢'())
9=4¢
Some other examples of universal properties:
o f=idx iff VYVg € Map(X,Y)(go f=g)
e f: X — Yisinjection iff VZVg, g’ € Map(Z,X)(fog= fog = g=¢')

e 7 =XxY, m:Z— Xism((a,b) =a,m:Z—Y is m2((a,b)) = b,
then YWYh, € Map(W, X)Vhs € Map(W,Y)3h € Map(W, Z)(hy = m o
h A h2 — T O h)

These statement are important in math and have fairly simple proofs, so it
might be a good idea to prove them by yourself if you have time!

Example 50 (The Quotient function)

R is an equivalence relation on X, let ¢ : X — X/R be defined as x — [z], then
R ={(a,b) € X x X : q(a) = q(b)}.

Proof:

Assume that R is an equivalence relation on X and ¢ : X — X/R is q(z) = [2]
Suppose (a,b) € R

Suppose ¢ € ¢(a) = [a]

Then (a,c) € R

Hence (b, c) €

Hence c € [b] = q(b)

Similarly, ¢ € g(b) = ¢ € ¢(a)

Hence q(a) — (b)

(a,0) € {(a,b) € X x X : q(a) = q(b)}
If (a,b) € {(a,b) € X x X : q(a) = q(b)}
Since (b,b) € R, b € [b] = q(b) = q(a) = [a]

) € R,
Hence (a,b) € R

Example 51 Let A = {n € N:n < 10}. Are the following relations equiva-
lence relations?
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e Ry ={(a,b) € PN) x P(N):anb+#0}
e Ry ={(a,b) € P(N) x P(N) :anNA=bn A}
Three conditions to check:
e Vz € P(N)((x,z) € R)
o Yz € P(N)Vy € P(N)((z,y) € R = (y,x) € R)
o Vo € P(N)Vy € P(N)Vz € P(N)((z,y) € RA(y,2) € R = (x,%) € R)

It is evident that R; is not an equivalence relation and Rs is an equivalence
relation.
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4 Numbers and Proofs in Calculus

This section will not appear in the final exam.

4.1 Natural Numbers, Integers and Rationals
e Natural Numbers

— The existence of the set N is mandated by the Axiom of Infinity.

— Natural numbers can be represented by sets, e.g.: 0 =0, 1 = {0},
2=A{0,{0}},...,n+1=nU{n}

e Integers
- Z=NxN)/{((a,b),(c,d)) e NxN)x (NxN):a+d=b+c}
= (@, 0)] + [(¢,d)] = [(a+ ¢, b+ d)]
= [(a,0)] = [(¢,d)] = [(a+d, b+ c)]
— [(a,b)] x [(c,d)] = [(ac+ bd, ad + bc)]
- [(a,0)] >0 <= a>b

— N is identified with a subset of Z via n — [(n,0)]

e Rationals

= Q= (Z x(2\{0}))/{((a,}), (¢, d)) € (Z x (Z\{0})) x (Z x (Z\{0})) :

ad = bc}
— [(a,b)] + [(¢,d)] = [(ad + be, bd)]
= [(a,0)] = [(¢, d)] = [(ad — bc, bd)]
= [(a,0)] x [(¢,d)] = [(ac, bd)]
= [(a,0)]/[(c, d)] = [(ad, bc)] (when ¢ # 0)
- [(a,0)] >0 < ab>0
Il

— Z is identified with a subset of Q via n +— [(n,1)]

4.2 Cauchy sequence, Reals

e A sequence of rational numbers is a function from N to Q, n — a,,, denoted
as {a,}. Note that this notation doesn’t mean a set consisting of all the
G-

e {a,} is a sequence of rational numbers, {n,} a sequence of natural numbers
such that i < j = n; < n;, then the composition of the two functions
i+ n; and n — a, is called a subsequence, denoted as {ay, }.
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e A sequence of rational numbers is a Cauchy sequence, if
VM € (N\{0})IN € NVn € NVn' € N((n > N An' > N)

= (lan — an’| < 1/M))

Two Cauchy sequences {a,} and {b,} are said to have the same limit, if

VM € (N\{0})3N € N¥n € N((n > N) = (lan — bn| < 1/M))

Let C be the set of Cauchy sequences of rational numbers.

Let R = {({an},{bn}) € C x C : {an}, {bn} have the same limit}

R =C/R

Arithmetic in R can be defined element-wise.

e The embedding of Q into R is defined via g — {q¢y,, }, where ¥n € N(g,, = ¢q).

Example 52 The sequence {;2}, where a, > 0, a2 < 2(n+1)* < (an +1)?,
is a Cauchy sequence.
Proof idea:

. an+1 Am  am+tl an
SuppObeTLEN m € N, then it > e Smin >

an an Am an+1 an

If n+1 m+1’ n+1 < m+1 < n+1" hence n+1 m+1| < n+1
an

If n+1 +1’ +1 m+1| < m+1

Hence, in the definition of Cauchy sequence, we need only to set N = M.
Proof:

Suppose M € N\{0}

Let N=M

SupposenEN,n'EN,n>N,m>N

an Am
If n+1 m+1

By assumption on a,, (;227)* <2 < (

an,+1 )2
n+1

| am ‘< an+1
n+1 1n+1 n+1
an

1
n+1"— n+1<M

Qo i e
The case when n+1 > g s similar
Hence a"l} is a Cauchy sequence.

The real number represented by this Cauchy sequence is called v/2.

Hence

One can prove various elementary properties of the real numbers (e.g. Va €
R(z? > 0), or the ones listed in Section 7.1 of the textbook) from this definition.
The proofs are mostly straightforward and will not be covered due to time
constraint.
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4.3 Limit

a, is a sequence of real numbers. Let R™ = {r e R: r > 0} We say lim,, o0 a,, =
b,if Ve e RYAN e NVn e N(n > N = |a, — b| <€)
Together with the definitions

n
e’ = lim Zxk/k'
n— o0
k=0
it -
e =cost+1isint

You can now prove almost everything in a calculus textbook, which is a good
exercise.
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5 Final review

5.1 Basic concepts

e Proposition and predicate Which of the following is a proposition,
which of the following is a predicate?

— x is a natural number.
— Any natural number is a real number.

— The set of natural numbers larger than 5.

e Free and bounded variables In the following sentences, which variables
are free and which are bounded? What are their scopes?

— vy eN((ylr) = (y=1Vy=1))

w6 n?
— fis a function from R to Z defined as f(n) = 2izolit) € Z_
0 otherwise

e Implication and contradiction

— A = B <= (—AV B): Saying that “if you do well in the final
exam you will get an A” is the same as saying “you will either do
badly in the final exam, or you will get an A”.

— (A1) F —A: If every positive integer is an even number, then for
any positive integer n, n/2 is a smaller positive integer. Hence there
isn’t a smallest positive integer, which contradicts with the fact that
1 is the smallest positive integer, hence there are positive integers
that are odd.

e For all rules

— If one can prove predicate A(x) without assumption on x, then we
know VzA(z):
Suppose z € R
Suppose z < 0
2?2 =(-z)?>0
hence Vo € R((x < 0) = (22 > 0))
— If one knows VzA(z), then A(t) if ¢t is a term without bounded vari-
ables in A:
We know Vx € R(z? > 0).
Suppose z € R
z+1eR
hence (x +1)2 >0

o Exists rules
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— If we can prove A(t), where ¢t does not contain any bounded variable
in A, then we get JzA(z):
Suppose z € R
r<z+1
z+1eR
hence Jy € R(z < y).
— If we know JzA(x), and assuming A(z) we can get some sentence B
that doesn’t depend on z, then B is true.
If a student does well in the final they will get A.
Suppose there exists some students who do well in the final
Let z be a student who does well in the final
Then = gets A
Hence there are students who get A.

e Cartesian product If A is the set of all triangles and B is the set of
all circles, an element in A x B consists of a pair, the first entry being a
triangle, the second a circle.

e Power set If there are 10 students in a class, let S be the set of all
students. How many elements are there in P(S)? If a is a student in the
class, is a € P(S) true?

e Union and intersection Let S be the set of 10 students as above. What
is N P(S)? What is J P(5)?

e Specification Let S be the set of 10 students as above. What is {x €
P(S) : ||z|| = 2} (here || - || is the cardinality)?

e Function Let X consists of all the finite closed intervals in R. For exam-
ple, [0,1] € X. Let f C X x R be {(a,b) € X x R: a has length b}. Then
f is a function. Is it an injection? Is it a surjection?

e Equivalence relation Let X be the same as above. Let R = {(a,b) €
X x X :a,b has the same length}.

e Quotient Let X and R as above, what is X/R? Show that there is a
bijection from X/R to {z € R:z > 0}.

e Induction Three equivalent formats:

- VSePN)((0e SAVzeNzeS = (z+1)eS)) = S=N)

- VS e PN)VzeNWyeNy<z = yeS) = z€85) =
S =N)

- VS e PN)((S#£0) = Mz eNxzeSAVye Sz <y)))
Common mistakes in proof writing:

e Not indicating which sentences are assumptions, which sentences are com-
ments.
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e Not eliminating all assumptions:
Prove that the Riemann Hypothesis is true.
“Proof”:
Suppose the Riemann Hypothesis is true
Hence the Riemann Hypothesis is true, q.e.d.

e Using values where a proposition or a predicate is needed.
Prove that P is not NP.
“Proof”:
Assume 42.
P is not NP.

e Confusing a € S with a C S. There are sets for whicha € S = a C S
(find one), but a C S = a € S is never true.

5.2 Proofs
5.2.1 Steps for writing proofs
1. Understand the problem

2. Come up with an overall strategy

3. Fill in the gaps, write down the proof

5.2.2 Some common strategies for proofs

Implication To prove A =—> B, one can assume A, then prove B.
Prove that Yz € N(z > 2 = 2z > 4)
Assume z > 2
Then 2z > 4
Hence x > 2 — 2z >4
Hence Vz € N(z > 2 = 2z > 4)

Iff To prove A <= B, assume A then prove B, assume B then prove A.
Prove that Vo € N(z > 2 < 2z > 4)
Assume = > 2
Then 2z > 4
Assume 2z > 4
Then = > 2
Hence z > 2 <— 2z >4
Hence Va € N(z > 2 <= 2z > 4)

Prove by cases Enumerate all possible cases and prove the statement for
each.
Prove that Vo € N(2|z(z + 1))
If 3y € N(z = 2y)
z(x+1) =2y(x+1)
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Hence 2|z(z + 1)
IfdyeN@xz=2y+1)
z(x+1)=2z(y+1)
Hence 2|z(x 4+ 1)
Hence Vo € N(2|z(z + 1))

Prove by contraposition To prove A = B, prove =B —> —A.
If it rains the street will be wet, hence, if the street is dry it is not currently
raining.

Prove by contradiction To prove A, assume —A and reach a contradiction.
If a student does well in the exam you will get an A, and a student X did
not get an A. Suppose the student X did well in the exam, then X gets an A,
contradiction, so X didn’t do well in the exam.

Prove statements with quantifiers To prove VzA(z), either use the cre-
ation of V, or use prove by contradiction and the elimination of 3. Similarly for
JxA(x).

Prove by mathematical induction Three formats:

Example 53 Prove that Vf € Map(N,N)(Vz € N(f(z+1) > f(z)) = Vz €
N(f(z) = 2))

Proof 1 Suppose f € Map(N,N)
Suppose Vz € N(f(z+ 1) > f(z))

Induction on z to show Vz € N(f(z) > x)

f(0) > 0 because f(0) e N

Suppose f(z) > x

fle+1) > fle)+1>a+1

Hence by induction, Va € N(f(z) > x)

Vi e Map(N,N)(Vz € N(f(z+1) > f(z)) = Ve e N(f(z) >x))

Proof 2 Suppose f € Map(N,N)
Suppose Vz € N(f(x + 1) > f(x))
Induction on x to show Vo € N(f(x) > x)
f£(0) > 0 because f(0) € N
Suppose Vy € N((y <z) = [f(y) > y)
Then f(z) <z
flz+1)> flx)+1>x+1
Hence by induction, Vo € N(f(z) > z)
Vi e Map(N,N)(Vx € N(f(z+1) > f(z)) = Vo e N(f(z) >2))
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Proof 3 Suppose f € Map(N,N)
Suppose Vz € N(f(z+ 1) > f(z))
Suppose Jz € N(f(z) < x)
Let = be the smallest such natural number
Then x > 0 as otherwise f(z) <0
Hence f(r —1)>x—1
Hence f(z) < f(x — 1), contradiction.
Vi e Map(N,N)(Vxz € N(f(z+1) > f(z)) = Ve e N(f(z) >x))

A proof usually make use of multiple strategies:

Example 54 Prove that Vf € Map(N,Z)(Vz € N(f(z) > 0) = 3Tz €

N(f(z +1) = f(2)))

Proof:

1. Suppose Vz € N(f(z + 1) < f(z))
2. Prove by induction on z that Va € Nf(z) < f(0) —
3. 1(0) < £(0) —

4. Suppose f(z) < f(0) —

5 flz+1) < f(x)
6.

7

8

Hence f(z+1) < f(z) =1 < f(0) — (x +1)
By induction, Yz € N(f(x) < f(0) — z)
. IE £(0) < 0
9. Then 3z € N(f(z) <0)
10. If f(0) > 0)

11. Then f(f(0)+1) <
12.  Hence 3z € N(f(z
13. Hence Vz € N(f(z)
\

<0

) <0)

>0) = JreN(f(z+1) = f(x))
14. Vf € Map(N,Z)(Vx € N

(f(z) >0) = Fz eN(f(z+1) > f(z)))

e Line 13: Prove by contraposition

e Line 7: Prove by induction

e Lines 8-11: Prove by cases

e Line 12: Prove using the creation of 3
e Line 14: Prove using the creation of V

5.3 More Examples

Example 55 Vf € Map(N,R)((YM € N\{0}3N € Nvn € N((n > N)
(If(n)] < 1/M))) = (vM' € N\{0}3N’" € Nvn' € N((n' > N')

(If@2™)] <1/M"))))
Proof:
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Suppose f € Map(N,R)
Suppose VM € N\{0}3N € NVn € N((n > N) = (|f(n)| < 1/M))
Suppose M’ € N\{0}
Then 3N € NVn € N((n > N) = (|f(n)| < 1/M"))
Let N satisfies N € Nand Vn € N((n > N) = (|f(n)| < 1/M"))
Suppose n’ € N, n' > N
Then 2% > N
Hence |f(2")] < 1/M’
Hence Vn/ € N((n/ > N) = (|f(2")| < 1/M’)
Hence AN’ e N((n' > N') = (|f(2")| < 1/M"))
Hence VM’ € N\{0}3N’ € Nvn/ € N((n' > N') = (|f(2")] < 1/M"))
Hence VM € N\{0}3aN € NVn € N((n > N) =
(VM e N\{0}3N’' e N¥n' e N((n/ > N') = (|f
Vi € Map(N,R)(VM € N\{0}3IN € NVn € N((n > N) =
1/M))) = (YM' € N\{0}3N’ € Nv»’ € N((n' > N') = (|f(2")| <
1/M")))

Example 56 0 ¢ {{0}}
Proof:
Suppose 0 € {{0}}
Then § = {0}
However, () ¢ 0 but () € {0}
Contradiction

Hence 0 ¢ {{0}}

Example 57 For any set X, the function f : Map({0}, X) — X defined by
f(g) = g(0) is an injection
Proof:
Suppose f is the function defined above.
Suppose g,g9' € Map({0}, X)
Suppose f(g) = /(g
Then (0) = ¢'(0)
Suppose (a,b) € g
Then a € {0}
Hence a =0
Hence b = ¢(0)
Hence (a,b) € ¢’
Similarly, (a,b) € ¢ = (a,b) € ¢
Hence g = ¢’
f is an injection.
The example is proved.

Example 58 Vf e Map(R,R)(Va € RYb € R(f(a) = f(b)) = Jc € RVd €

R(f(c) =d))
Proof:
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Suppose f € Map(R,R)
Suppose Va € RVb € R(f(a) = f(b))
Then Vb € R(f(0) = f(b)
Hence Jc € RVd € R(f(c) =d)
Vf € Map(R,R)(Va € Rvb € R(f(a) = f(b)) = Jc € RVd € R(f(c) = d))

Example 59 VA(A € P(P(0)) = A c P(P(D)))
Proof:
Suppose A € P(P(0)) = {0,{0}}
Then A = () or A = {(}, both are subsets of P(P(0)) = {0, {0}}
Hence VA(A € P(P(0)) = A cC P(P(0)))

Example 60 Vn € NYm € N((m <nAm >0) = mn!)
Proof:
Induction on n.
meNAmMm<0AmMm >0 is always false
Hence Ym € N((m <0Am >0) = m|0!)
Suppose Ym € N((m <nAm >0) = m|n!)
Suppose m e Nym <n+1,and m >0
Thenm=n+1vm<n
Ifm=n+1
(n+1)!=(n+1)n!
Hence m|(n + 1)!
Ifm<n
(n+1)!'=(n+1)n!
By inductive hypothesis, m|n!
Hence m|(n + 1)!
Hence Vm e N((m <n+1Am >0) = m|(n+1)!)
By inductive hypothesis this is proved.

Example 61 VAVB(3lz(x € B) = 3!f(f € Map(A, B)))
Proof:
Suppose 3lx(z € B)
Let x be such that x € B
Then f = {(a,b) € Ax B : b = 2} € Map(A, B) (check the definition of
function)
Suppose g € Map(A, B)
Suppose a € A
Then g(a) € B
Hence g(a) =z = f(a)
Hence Va € A(g(a) = f(a))
Hence 3!f(f € Map(A, B)))
VAVB(3lz(x € B) = 3!f(f € Map(A4, B)))
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Example 62 LetY : Map(RXxR,R)x Map(R,R = Map(R,R) be (Y(f,9))(z) =
f(z,9(2)). What is Y (+,sin)?
Answer: x — x +sinz.

Example 63 A = {0,1}, write down Map(A,A)/{(f,9) € Map(A, A) x
Map(A, A) : 3h € Map(A, A), h is a bijection,g = ho f o h™1}.
Answer: {{ida},{{(0,1),(1,0)}},{{(0,1),(1,1)},{(0,0), (1,0)} }}.

Example 64 f: N — P(Z) satisfies f(0) = {0}, Vn € NVy € f(n+1)3z €
f(n)(y < z+1). Show that Yn € NVy € f(n)(y < n).

Proof:

Induction on n

Suppose y € f(0) = {0}
Then y =0
Hence y <0
vy € f(0)(y <0)
Suppose Vy € f(n)(y < n)
Suppose y € f(n+1)
Then 3z € f(n)(y < z+1)
Let z satisfies z € f(n) and y < z 41
Then by inductive hypothesis, z < n
Hence y <n+1
The statement follows due to induction.

5.4 Further readings

e Textbooks on mathematical logic:

— Ebbinghaus, Flum and Thomas, Mathematical Logic
— William Weiss, Set Theory

e Other books about logic that might be of interest:

— Douglas Hofstadter, Goédel, Escher, Bach
— Friedman, Eastlund, The Little Prover
— Alain Badiou, Being and Event
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6 Solutions for all problems in midterm, home-
work and workshop

6.1 True or false

6.1.1 Exams and practice exams

1 (Vz(f(g(x)) = 2)) = (Va(9(f(2))

= x)
False, for example, in N, g(z) =z + 1, f(z)

=x—1if x > 0 and 0 if otherwise.

2 Vady(P(z,y) AQ(y)) < FyQ(y) AVzIyP(z,y)
False, because the y in JyQ(y) and the y in VaIyP(z,y) are different.

3 VzeNIyeNy<zAz<y?
False, for example if = 0, then there isn’t any such y.

4 YVreNJyeNzP=a+yA(z+1)y)
True, 23 — o = x(x + 1)(z — 1).

5 Let X be any set. Is it true that the union of the elements in the power set
of X is X7
Yes.
Suppose z € |J P(X)
JA € P(X)(x € A) by the definition of union.
Let A € P(X) such that z € A
Then A C X
Hence z € X
Suppose z € X
z € {z}, {z} € P(X)
Hence z € | P(X).

6 Let 2:R® - P(R) be z(f) = {x € R: f(x) = 0}. Is 2 an injection? Is z a
surjection?

Idea of the answer: z is a function that sends every real-valued function over R
to the set of its zeroes. It is evident that this is a surjection but not an injection.
Answer:

z is not an injection, because if fi(z) = 2z, fo(x) = 3z, then z(f1) = 2(f2) =
{0}.

0 €S
z is a surjection, because if S C R, let fg(x) = { ‘

. Th s) =S
1 otherwise en 2(fs)

7 Vfe Map(N,N)(Vzx e Nf(z+1)=(z+1)f(z)) = Vz e N(f(z) =2a!))

False, for example f(z) =0 is also possible.
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8 WmneNVS(SC{yeN:y<n}AS#0) = TImeNmeSAVz e
N(ze S = z<m)))
True. Any finite sets of natural numbers has a maximum.

9 For any natural number n, the set {z € N: 2% > n} has a smallest element.
True. Any non empty set of natural numbers has a minimum.

10 0 € Map({0},{0})
False by the definition of function.

11 Vf e Map({0,1},{0,1})(fo f =idg,1y = f =idjo1y) False, f can also
be0+— 1,1+~ 0.
6.1.2 Homework

12 One of the following “proofs” in predicate logic is incorrect. Find the
incorrect one and point out the line number of the step where there is a logical
mistake.

Proposition 1: JxVyP(x,y) = Yy3aP(z,y)

Proof:

1. Assume that JzVyP(z,y).
2. Let z be such that YyP(z,y).

3. This assumption implies that the predicate P(z,y), where y is the free
variable, must be always true.

4. Hence JxP(x,y) is always true.
5. Because y is a free variable in this predicate, Vy3zP(x,y) is true.
6. This shows that JaVyP(z,y) = VyIzP(x,y).

Proposition 2: Yx3yP(x,y) = JyVzP(x,y)
Proof:

1. Assume that Vz3IyP(z,y).

2. This implies the predicate JyP(x,y) is always true.
Suppose P(z, z) is true for some z.

We must have Vo P(z, z).

Hence JyVaP(z,y).

S oo w

This shows that Ve3IyP(z,y) = JyVaP(z,y).

Answer: The 3rd line of proposition 2 can not imply the 4th line, because z is
not arbitrary as in the 3rd line it is assumed that x must satisfy P(z, z).
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13 Vo eNVy e N2 +2y=9%+22r = x=1y)
For any natural numbers = and y, if 22 4+ 2y = y? + 22 then x = y. This is false
because for example if x =0, y = 2.

14 VreNvyeNVze Nz =yz = (v <y?Vz<2?))
If a natural number can be written as the product of two other numbers, it is
no larger than the square of one of these two numbers. This is true.

15 (Fz(A(x) Vv B(z))) = (3zA(z)V 3zB(z)).
If some x satisfy predicate A or B, then either there is some x that satisfy A,
or there is some z that satisfy B. This is true (a tautology).

16 ((vaP(z)) = Q) = ((Fz-P(z)) = -Q)

False. If everyone in the class get B then the average grade will be B, but it
doesn’t follow that if some people get above or below B the average can never
be B.

;7 (VzIy(P(z) = Q(y))) = (FyQ(y) vV Va-P(x)).

6.1.3 Workshop

18 3 is an integer but not an even number

If x is an integer, then x is even implies 3z is even

Hence, if X is an integer, then x is not even implies 3x is not even

So 9 = 3 x 3 is not even

The conclusion is correct but the deduction is invalid. The third line doesn’t
follow from the second.

19 For any integer z, 22

Suppose y2 = —1

Suppose y is an integer

y? is not negative due to the first line of the deduction, but y? is negative due
to assumption

Contradiction

Hence y can not be an integer

So y2 = —1 = y is not an integer

This is a valid argument.

can not be negative

20 Vzdyf(y) ==

Let z be such a y

Then Vo f(z) =«

Answer: This is not valid. The “3” in Jy is not the first quantifier in the first
line, hence it is not allowed to replace y with z.
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6.2 Tests on basic concepts
6.2.1 Exams and practice exams

1 Find three functions f, g, h from R to R, such that f is a bijection, g is a in-
jection but not a surjection, h a surjection but not an injection, and fNgNh = (.
Justify your answer.

Answer:

f={(z,y) eRxR:a=y}

g={(r,y) e RxR:y=arctan(z)}

h={(z,y) ERxR:y=23—z—1}

The “justification” will not be graded very strictly.

f is an injection because suppose f(x) = f(y), because f(z) =z, f(y) =y, we
have x =y

f is a surjection because if z € R, f(x) = z, hence Vo € RIy € Rf(y) = =.

g is an injection because the derivative of g is greater than 0, hence mean value
theorem implies that if z # 2/, g(x) # g(a’).

g is a not a surjection because arctan(x) < 7/2, hence Ay € Rg(y) = 3.

h is a surjection because of intermediate value theorem and the fact that lim,_, o, h(z) =
00, limg—, o h(z) = —00.

h is not an injection because h(0) = h(1) =0

2 How many equivalence relations are there in the set {0, 1,2}?
Answer: 5. id{01172}7 {O, 172} X {0, 1,2}, Z.d{07172} U {(0, 1)7 (1,0)}, id{O,l,Q} U
{(05 2)7 (2’ 0)}7 Z-d{O,l,Q} U {(27 1)a (15 2)}

3 Let A={z€ N:z<10}. Let R = {(a,b) € Ax A: 3In € N(a =
2"bV b = 2"a)}. Write down the elements in A/R (in other words, write down
all equivalence classes in A under R)

Answer: {0},{1,2,4,8},{3,6}, {5}, {7}, {9}
6.2.2 Homework
0

4 What is 9@ )7
Answer: {0}.
5 Write down:

e a relation which is not a function

e a function which is not a surjection

e a surjection which is not a bijection.

Answer: If A ={0,1,2}, B ={0,1}. AxBisnot a function. {(0,1),(1,1),(2,1)}
is a function that is not a surjection, and {(0,0), (1,1), (2,1)} is a surjection that
is not a bijection.
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6.2.3 Workshop

6 Write down the elements of the following sets: P(P(P())), 0@, P(p)PF®),
P(0) x P(P(0)).

Answer:

P(P(P(0))) = {0,{0}, {{0}}, {0, {0} }}.
PO =g,

P(O)PEO) = {{(0,0), ({0},0)}}.

P0) x P(P(0)) = {(0,0), (0. {0})}

7 Let X = {1,2}. How many elements are there in the set Usc xx f7
Answer: Uscxx f = X x X and has 4 elements.

8 Write down two different equivalence relations R;, Rs in the set A =
{0,1,2}, and the set A/R;, A/Ras.

Answer: Ry = ida, Ry = ida U {(0,1),(1,0)}. A/R; = {{0},{1},{2}},
A/R2 = {{Oa 1}5 {2}}

9 Write down two different bijections from A to A, for the same A in problem
1

Answer: fi = ida, f = {(0,1),(1,0),(2.2)}

10 Let f:Z — Zbe f(x) = 2+3. Let S = {R € P(ZXZ) : R is an equivalence relationA
f € R}, Ry =()S. What is Ry? How many elements are there in Z/Ry?
Answer:
It is easy to see that R’ = {(z,y) € Z x Z : 3|(x — y)} is an equivalence re-
lation and it contains f. Hence Rg C R’. We need to show R’ C Ry, or
VR e S(R' C R).
R = J{R"}, where R = {(z,y) € Z x Z : y = x + 3i}, and i is chosen among
all integers.
One needs only to show that VR € SVi € N(R' € RAR™" € R)
Suppose R € S
We will show Vi € N(R* € RA R™* € R) by induction on i:
R° = idy C R, because R is an equivalence relation hence must contain identity
(Because according to the definition of equivalence relation, Vz € Z((x, x) € R))
Suppose R C R
Suppose (a,b) € Ri*1
Then (a,b—3) € R*CR,(b—3,b) € fCR
Hence (a,b) € R
Suppose R~* C R
Suppose (a,b) € R~ 1
Then (a,b+3) € R CR, (bb+3)€e fCR
Hence (a,b) € R
By induction, Vi € N(R' € RA R~ € R)
Hence R’ = Ry, Z/ Ry would have three elements due to remainder theorem.
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11 Let A={n€Z:n*=1}.

e Write down the elements of A.

e Write down the elements of P(A).

e Write down the elements of Map(A, A).

o Write down the elements of id 4.

e Write down the elements of {f € Map(Map(A, A), A) : f(idy) =1}
Answer:

e A={-1,1}

P(A) = {0, {=1}, {1}, {-1,1}}
o Map(A, A) = {{(=1,-1), (1, D}, {(=1,1), (1, D}, {(=1,-1), (1, =D}, {(=1,1), (1, =1)}}
o idy={(—-1,-1),(1,1)}

{f € Map(Map(A, A), A) : f(ida) =1} =
HHEL -1, (4L, DED, (=11, (1L, D} 1), (=L -1), (1, =D} 1), {(=1,1), (1, =1}, )},
{{(=1-1), (LD}, {(-11), (LD} 1D, ({(=1,-1), (L, -1}, 1), {(=1,1), (1, -1}, 1)},
{{(=1 -1, (1, D} 1), {(-11), (LD} 1), {(=1 -1), (L, =D}, =1), {(=1,1), (1, =D}, )},
{{(=1,-1), @, D} 1), {(=1,1), (1, D}, -1, {(=1,-1), (1, =D}, 1), {(=1,1), (1, =)}, D},
{{(=1,-1), (1, D} 1), {(-1,1), (1, D}, -1), {(-1, -1, (1, -1}, 1), {(-1,1), (1, =D}, D},
{{(=1, -1, (1, D} 1), {11, (1, D} 1), (=1 -1), (1, =D}, =1), ({(=1,1), (1, =D}, =D},
{{(=1,-1), (1, D} D, {(=1,1), (1, D}, —1), {(=1, -1), (L, =D} 1), (=1, 1), (1, =1)}, 1)}
{{(=1,-1), (1, D} 1), {(-11), (1, D}, =1), {(-1,-1), (1, =D}, =1), {(=1,1), (1, =D}, 1)}
12 A function g € Map(N, P(N) satisfies g(0) = 0, ¥n € N(g(n + 1) =
gn)U{meN:n2 <mAm< (n+1)?}). What is g(3)?

Answer: ¢(3) ={2,3,5,6,7,8}.

6.3 Proofs

6.3.1 Exams and practice exams

1 (vy=(f(y) =v)) = Foy(=(z =vy))

Proof:

Assume (Yy—(f(y) = y))
—(f(z) = x) (replace bounded variable y with free variable x)
Jy—(x = y) (replace f(x) with y, 3 rule)
FzIy(—(z = y))

Hence (Vy~(f(y) =y)) = FzIy(=(z =y))
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% QWMNMZwD=$(MWMﬂ@=f@m

Assume FzVy(f(y) = x)
Let z satisfy Yy(f(y) = z)
fly) ==
flx) ==
flx) = f(y)
Vavy(f(x) = f(y))

Hence (3avy(f(y) = x)) = (Vavy(f(z) = f(y)))

3 VreNyyeN@d=y = JzeN(y=ux+22))

Proof:

Ifz=0

r=zxlx1<a=y
Hence Vz € N(z < 23)
Suppose 2% =y
z is even or odd
If x is even
Let ¢ satisfy x = 2¢
Let d satisfy ¢ =c+d
Then y = 8¢ = x + 2(3c + 4d)
JzeN(y=x+2z2)
If « is odd
Let ¢ satisfy x = 2¢+ 1
Let d satisfy ¢3 =c+d
Then y = 8¢3 +12¢? + 6¢ + 1 = z + 2(3¢ + 4d + 6¢* + 3¢)
Jz e N(y =2 + 22)
Hence Vo € NVy € N(z® =y = 3z € N(y =z + 22))
The first 4 lines can be removed because Va € N(z < 23) is fairly obvious.

4 JceNVneN@Bn<2"+¢)
Proof:
Induction on n to show 3n < 2™ + 2
3x0=0<3=2042
Suppose 3n < 2™ + 2
Suppose n > 2
3n+1)=3n+3<3n+2" <M 42427 =27+l L9
Suppose n =0
3<4=2"42
Suppose n =1
6<6=22+2
Hence 3(n + 1) < 2"*! 4+ 2 is true in all cases
By induction, ¥n(3n < 2™ + 2)
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devn(3n < 2™ + ¢)

5 foGN(f(:z:+1):(x+1)f(z)) = Vz € N(f(z) = 2! x f(0))
Proof:
Assume Vo € N(f(z +1) = (¢ + 1) f(x))
Induction on x to show that Va € N(f(z) = z! x f(0))
f(0) =1 x f(0) = 0Lf(0)
Suppose f(x) = z!f(0)
fle+1) = (e + 1) f(z) = (z+ 1)2!f(0) = (z + 1)!f(0)
By induction, Vz € N( (z) = x! x £(0))
Vo € N(f(z +1) = @+ 1)f(x)) = Yo € N(f(x) = al x £(0))

6 If f: N — Nis a surjection, show that there is a subset S of N such that
f ois_n is a bijection.
Proof:
Let f: N — N be a surjection
Let S={zeN:VyeNy<z = f(y) # f(x))}
First we show that f oig_,y is a surjection.
Suppose z € N
Surjectivity of f implies that Jy € N(f(y) = )
Let m be the smallest such y
The minimality of m means that z <m = f(z) # = f(m) for all z€ N
meS
Hence foig_n(m)= f(m)==x
Now we show that f oig_,y is an injection.
Suppose a € SAb e SA foigin(a) = foisn(b)
Then f(a) = f(b)
Suppose a < b
Then a < bA f(a) = f(b)
Then b ¢ S
Contradiction
Similarly, b < a will also lead to contradiction
Hence a = b.

7 Show that there is an injection from P(N) to {f € NN : f is an injection }.
Hint: show that if f : N — N is a function, then n — Y., f(i) + n is an
injection.
Proof:
Suppose f: N — N is a function.
Suppose n,n' € N, >0 f(i)+n=> ", f()+n
Suppose n < n’
Then 30, f(i) < 321, f(ll)
Hence Y0 o f(i) +n <> o f(i) +n
Contradiction.
Similarly, n" < n will also lead to contradiction.
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n=n'

Z?;O fG@)+n" € {f € NV: f is an injection }

Let ¢ : P(N) = N be o(S)(x) = 4 = © €2,
0 z¢5

Let d : N¥ — {f € NV: f is an injection } be d(f)(n) = Y1, f(i) +n
Let e=doc.
Suppose e(S) = e(5’)

Suppose z € S

Ifx=0
1 =¢(5)(0) = e(5)(0) = e(5")(0) = ¢(5)(0)
Hence 0 € 5.
Ifz>0
Then 1 = ¢(S)(z) = e(S)(x)—e(S)(z—1)—1 =e(S)(x)—e(S)(z-1)—1 =
o(8')(x)
Hence = € S’

Hence Ve(z € § = z € 9)
Similarly, Vz(x € S’ = z € 5)
Hence S = 5.
Alternatively, with the concept of cardinality, you can simplify the proof as
below:
Let e : P(N) — {f € N¥ : fis an injection } be (e(9))(n) = [|[{z € N: 2z <
nAzeS}H +n.
First we show e(S) € {f € NV : f is an injection }, which shows that e is well
defined.
Suppose e(S)(n) = e(S)(n')
Iftn<n
{zeN:z<nAzeS}C{zeN:z<n' Aze S}
Hence [{zeN:z<nAzeS}|<|{zreN:z<n'Aze S}
Hence e(S)(n) < e(S)(n’), a contradiction.
Similarly, n” < n will lead to contradiction, hence n = n’
Next we show that e is an injection.
Suppose e(S) = e(5’)
Suppose = € S
Ifz=0
1= {0} = |[{z € N 2 S0 2 € S} = e()(0) = e(5")(0) = 1
0e{zeN:z<nAzeS}, hence 0 € S.
Ifz>0
1=|{z}|=I{zeN:z<zhnzeS}P\{zeN:z<z—-1AzeS}|=|{z€
N:z<aAzeS}H—|{zeN:z<ax—1Aze S}|=e(S)(x)—e(S)(z—1)—1=
e(S)(z)—e(S)(z—1)—1=|{zeN:z<zAze S}|-|{zreN: z<z—-1Az €
SH=I{zeN:z<zhnzeSN\{zeN:z<zx—-1Aze 5}
Hence x € S
Similarly, z € 8’ = z € S
Hence S = 5’
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8 Prove that m = {(a,b) € (PMN)\{0}) xZ:b+1€an(VeeN(c€a =
b < ¢))} is a function.

Idea of the answer: m is a function from P(N)\{0} to Z, that sends every subset
a of N that is non empty to an integer b, such that b+ 1 is the smallest element
in a. This is evidently a function. To show it we need to check the definition of
function.

Answer:

Suppose a € P(N)\{0}

Then In € N(n € a) (because the elements of a are in N, and a has at least
one element)

Let e be the smallest natural number such that e € a (we learned before
midterm 1, that if a predicate for natural numbers is true for some number, it
must be true for a smallest number).

Then e € a AVe € N(c € a = e < ¢) (this is what “smallest” mean)

Hence (e—1)+1€aAVeeN(cea = e—1<¢)

b € Z((a,b) € m) (3 rule, replace e — 1 with b. This finishes the “existence”
part of the proof.)

Suppose (a,b) € m A (a,b’) € m

Thenb+1€anb +1€a,andVeeN(c€a = b<c)AVdeN(d€a =
b < d)
Hence b < b’ +1,V < b+1 (V rule, replace ¢, d with b’ +1, b+ 1 respectively)
Hence b=V
Hence Va € P(N)\{0}3'b € Z((a,b) € m), i.e. m is a function.

9 Prove that VS € PIN)VT' € P(N)(Vn e N{zeN:z<n}nS={z€eN:
z<n}nT)) = S=T)
Idea of the answer: This is asking you to show that if two sets of natural
numbers are different, they differ at some number that is smaller than some
natural number n (you see that by taking the contrapositive).
Answer:
Assume that S € P(N), T € P(N)
Assume z € S
re{zeN:z<x+1}
Hencex € {zeN:z<z+1}NnS
Hencex € {zeN:z<az+1}NT
Hence z € T
Hencex € S = x €T
Similarly, one can show x € T — z € S
Hence VS € PNVT' € P(N)(WMn e N{z e N:z<n}nS={zeN:2z<
n}NT)) = S=1T)

10 Let C be the set consisting of bijections from A to B, D be the set consisting
of bijections from B to A. Show that there is a bijection from C' to D. Hint:
you may divide your proof into the following steps:

(i) For any f € C, show that {(b,a) € Bx A:b= f(a)} € D. This means
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that H(f) = {(b,a) € Bx A:b= f(a)} is a function from C to D.
(ii) Show that the H defined above is an injection.
(iii) Show that the H defined above is a surjection.

Answer: (You do not need to provide as much details)
Suppose C, D and H are as defined in the problem
()
Suppose f € C
Let g = {(b,a) € Bx A:(a,b) € [}
Suppose b € B
Jla € A((a,b) € f) (because f is a bijection)
Hence 3la € A((b,a) € g)
Hence g is a function
Suppose a € A
b € B((a,b) € f) (because f is a function)
Hence 3!b € B((b,a) € g)
Hence ¢ is a bijection, g € D
This shows that H is a function
(i)
Suppose f, f' € C, H(f) = H(f")
Suppose (a,b) € f
Then (b,a) € H(f) = H(f")
Hence (a,b) € f’
Hence (a,b) € f = (a,b) € f’
Similarly, one can show that (a,b) € f/ = (a,b) € f
Hence f = f'
Hence H is an injection
(iii)
Suppose g € D
Due to the same argument in (i), f = {(a,b) €
Furthermore, by the definition of H, H(f) =g
Hence H is a surjection.
This proves the problem

AxB:(bja)eg}teC

11 . Show that R = {(a,b) € N x N : a® + 4b = b* + 4a} is an equivalence
relation. In other words, show that:

(i) Vx € N((z,z) € R)
(ii) Vo € NVy € N((z,y) € R = (y,x) € R)
(iil) Vz € NVy e NVz € N((z,y) € RA(y,2) € R = (x,2) € R)

Answer:
Let R = {(a,b) € N x N:a?+ 4b = b + 4a} (i)
Suppose z € N
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2% + 4o = 2 + 4x
Hence (z,z) € R
Vo € N((z,z) € R)
(i)
Suppose z,y € N
Suppose (z,y) € R
Then 22 + 4y = y? + 4x
Hence y? + 4z = 2% + 4y
Hence (y,z) € R
Ve € NVy € N((z,y) € R = (y,z) € R)
(iii)
Suppose z,y,z € N
Suppose (z,y) € R, (y,2) € R
Then 22 + 4y = y? + 4z, y? + 42 = 22 + 4y
Hence z? — dx = y? — 4y, y?> —dy = 2% — 4z
Hence 22 — 4z = 2% — 4z
2?2 +4z2 =22+ 42
Hence (z,2) € R
Vo € NVy € NVz € N((z,y) € RA (y,2) € R = (z,z) € R)
Hence R is an equivalence relation.

12 Prove that there are two different functions from N to {0,1}, i.e. 3If €

Map(N, {0,1})3g € Map(N,{0,1})(f # g).
Proof: The functions fy :  +— 0 and f; :  — 1 are distinct as fo(0) =0# 1 =

fQ).

13 Prove that R = {(a,b) € Q x Q:a =bVa—0b € Z} is an equivalence
relation.

Proof: @ = b implies a —b =0 € Z, hence R = {(a,) c Q xQ :a —b € Z}.
Suppose a € Q, then a = a hence (a,a) € R. Suppose a,b € Q and (a,b) € R,
then b—a = —(a—0b) € Z, hence (b,a) € R. Suppose (a,b) € R, (b,c) € R, then
a—c=(a—">b)+ (b—c) € Z, hence (a,c) € R.

14 Prove that 3c € Nvn € N(3 (%) < n® +¢).
Proof: Induction on n to show Vn € N(}I' % < n®). Z?:o i? = 02 = 03
Suppose 327 2 <n?®, 2 <nd 4 (n+1)2 < (n41)3

15 Show that the function z € Map(Map(N,N),N) defined by z(f) = f(0) is
a surjection. i.e. Vz(z = {(a,b) € Map(N,N) x N:b=40a(0)} = Yy e NIz e
Map(N,N)(2(z) = y))-

Proof: Suppose n € N, then f, : x — n is a function in Map(N,N) and
Z(fa) =n

16 Let S be the set of bijections from N to N. Show that the intersection of
all the elements of S is empty. ie. VS(S = {f € P(NxN) : Vz € N3ly ¢
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N((z,y) € f) AVy € NIz € N((z,y) € /)} = S =0).
2y n=2y+1

Proof: Let f = idy, g(n) = 21 n=2y

, then f,g € S, hence S C

fng=0.

6.3.2 Homework

17 ((Vz(f(z) = g(2))) A (VaTyf(y) = 2)) = (Vadyg(y) = z)
Proof:
Assume (Vz(f(z) = g(2))) A (VaTyf(y) = )
Then VaIy f(y) = =
Hence Jyf(y) =«
Let z be such that f(z) =«
From the first assumption, we also have Vz(f(x) = g(x))
Hence f(z) = g(2)
So g(z) ==
Jygly) ==
By the rule on 3, Jyg(y) =z
Because x is free, Va3Iyg(y) = x

So (Vz(f(x) = g(x))) A (VaIyf(y) = x) = VaIyg(y) =«

115 Jx(A(zx) = YyB(z,y)) = (Gz—A(z)) Vv (VyIazB(x,y))
Assume Jz(A(xr) = VyB(z,y))
Let z satisfy A(z) = VyB(z,y)
From the example (P — Q) <= (=P V Q), we have —A(z) VVyB(z,y))
Suppose —A(z)
Jz—-A(x)
(@2-A(2)) v (Vg3 B(z, 1))
Hence -A(z) = (Fz-A(z)) V (VyFzB(z,y))
Suppose VyB(z,y))
B(z,y)
JzB(z,y)
VyJzB(z,y)
Hence (3z—-A(z)) vV (VyIzB(z,y))
Hence YyB(z,y)) = (Fz—A(x)) V (Vy3zB(z,y))
So we have (Jz—A(z)) vV (Vy3axB(z,y))
By 3 rule, (Jz—A(x)) V (Vy3axB(z,y)) is always true
Hence dz(A(x) = VyB(z,y)) = (Fz—-A(z)) V (VyIzB(x,y))

19 . VzeNyeNzeNo+y<z+z = y<2)

Proof:

Suppose z + y < x + z [Assumption 1]
By definition, this implies z + y < x 4+ z Ax + y # = + z [Definition of <]
Hencez +y <z +z [AANBF A]
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Hence 3¢ € N(z + y) + ¢ = 2 + z [Definition of <]
Let ¢ satisfy (z +y) + ¢ = 4+ z [Assumption 2]
Theny+c=zla+(b+c)=(a+b)+c,a+b=a+c = b=
So dc € Ny+c=z [A(t) F FzA(x)]
Hence y < z by definition. [Definition of <]
[Assumption 2 eliminated because 3z A(z), (A(z) - B) b B]
Suppose y = z [Assumption 3]
Then x + y = z + z, a contradicton. [a =bF f(a) = a(b)]
Hence y # z [Proof by contradiction, Assumption 3 eliminated]
Together with the prior conclusion that y < z, we have y < z [Definition of <]
Hencez+y<z+z = y<zlakbkFa = b
Hence Vx € NYy e NVz e Nz +y < 2+ 2 = y < 2). [A(x) F VzA(z),
Assumption 1 eliminated]

20 Ve eNTyeNz=2y)vVIye Nz =2y+1))
Proof:
Induction on z [Mathematical induction]
When z is 0, 0 = 2 x 0, hence the predicate is true. [Vz € Nz x 0 = 0]
Suppose Jy € N(x = 2y) V Iy € N(z = 2y + 1) [Assumption 1, Inductive hy-
pothesis]
Suppose we are in the case when Jy € N(x = 2y) [Assumption 2]
Let y satisfy = 2y [Assumption 3|
Then 24+ 1=2y+1[a=bF f(a) = f(b)]
Hence 3y € N(x +1 =2y + 1) [A(t) F FzA(x)]
Therefore, 3y € N(z = 2y)VvIy € N(z = 2y+1) is true in this case [A - AV B
[Assumption 3 eliminated because JzA(z), (A(z) - B) + B]
Suppose we are in the case when Jy € N(x = 2y + 1) [Assumption 4]
Let y satisfy = 2y + 1 [Assumption 5]
Then t+1=2y+1+1=2y+2x1=2y+1) [a=0bF fla) = f(b),
a=bb=cka=c,ab+ac=a(b+ )]
Hence Jy € N(z + 1 = 2y) [A(¢) F JzA(z)]
Therefore, 3y € N(z = 2y)VIy € N(z = 2y+1) is true in this case. [A + AV B
[Assumption 5 eliminated because JxA(z), (A(z) - B) - B]
Hence 3y e Nz = 2y)VIye Nz =2y+1) [AVB,(A+-C),(BFC) F C,
Assumption 2, Assumption 4 eliminated]
Hence by induction, Vo € N(Jy € N(z = 2y) V Iy € N(z = 2y + 1)) [Mathemat-
ical induction, Assumption 1 eliminated]

21 VexeN@yeN(@zxz=2y) = JzeN(z=2z2)

Proof:

Copy the proof of Problem 20 here.

Here we add a proof that Vr € N2r # 1 since we need to use it later
Induction on r to show Vr € N2r # 1 [Induction]

2 x 0 =0 # 1 [Definition of x|
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Suppose 2r # 1 [Inductive hypothesis, Assumption A]
Suppose 2(r + 1) = 1 [Assumption B
Then 2r +1 =0 [a(b+ ¢) = ab+ a(]
Contradicts with the rule that says 0 is the first natural number.
Hence 2(r 4+ 1) # 1 [Proof by contradiction, Assumption B eliminated|
Hence by induction, Vr € N2r # 1[Induction, Assumption 0 eliminated]
Suppose Jy € N(z x & = 2y) [Assumption 1]
Let 2 be this y, i.e. 22 = 2z [Assumption 2]
Suppose further, that -3y € N(z = 2y) [Assumption 3]
By the result in Problem 2, 3y € N(z = 2y) v 3y € N(z = 2y + 1) [VzA(x) I
Aft)
Suppose we are in the case Jy € N(z = 2y) [Assumption 4]
There is a contradiction [A,—A F1]
Hence Jy € N(z = 2y + 1) in this case. [LF A]
Suppose we are in the other case, then we also have 3y € N(z = 2y + 1)
[Assumption 5]
Hence 3y € N(x =2y +1) [AVB,(AF C), (B F C) F C, Assumption 4,
Assumption 5 eliminated]
Let y satisfies x = 2y + 1 [Assumption 6]
Then 22 = (2y + 1) = 2(2y? + 2y) + 1 [Various laws regarding + and x]
Hence Jy € Na? = 2y [A(t) F JzA(x)]
Let w satisfy 2% = 2w [Assumption 7]
Then 2w =2z+1[la=bb=cka=
Hence 2z < 2w [Definition of <]
Which implies z < w [ac < bcAc#0 = a <]
Ir € Nw = z + r [Definition of <]
2z+2r=2z+1,hence 2r=1[a(b+c)=ab+ac,a+c=b+c = a=1]
However from earlier in the proof, 2r # 1 [VzA(z) F A(t)]
Contradiction [A4, A F1]
[Assumption 7, Assumption 6 eliminated because 3z A(z), (A(x) F B) F B]
Hence Jy € N(z = 2y) [Proof by contradiction, =—A F A, Assumption 3
eliminated]
[Assumption 2 eliminated because 3z A(z), (A(z) - B) b B]
In conclusion, Vo € N(3y € N(z x x = 2y) — Jz € N(x = 22)) [(AF B)
A = B, Assumption 1 eliminated]

22 VeeNVyeNzxz=2yxy = x=0)
Proof:
Copy the proof of Problem 21 here.
We will use induction on N to show VN € NVz € N((z < N) = Vy €
N(z x 2 =2y xy = 2 =0)). [Induction]
Suppose z < 0 [Assumption 1]

z=0

Assume 2 = 232 [Assumption 2]

z=0
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Hence 22 = 2y? = z = 0 [Assumption 2 eliminated]
Hence Vy € N(2? = 2y?> = 2 =0)
r<0 = VyeN(?=2y? = 2 =0) [Assumption 1 eliminated]
VeeN(z<0) = VyeN@zxz=2yxy = z=0))
Now suppose Vo € N((z < N) = Wy e Nz xz=2yxy = z =0)).
[Assumption 3, inductive hypothesis]
Suppose < N 4 1 [Assumption 4]
r=N+1Va <N
Suppose we are in the case when < N [Assumption 5]
By inductive hypothesis, (t < N) = Wy eN@xz=2yxy = z=0)
Hence Yy € N(z x x =2y x y = x = 0) is true in this case.
Suppose we are in the case when x = N + 1 [Assumption 6]
Further suppose x X x = 2y x y [Assumption 7]
3z € N(z% = 22)
Jz’ € N(x = 22") due to the result of Problem 3.
4.’EI2 — 2y2
Hence y? = 222
Jz € N(y? = 22)
Jy' € N(y = 2y')
Let o', ¢ satisfy @ = 22/, y = 2y/ respectively. [Assumption 8, 9]
Then z'? = 2y
Suppose ' = N + 1 [Assumption 10]
Then z =22 =2N +2> N +1
Contradiction
Hence 2’ < N [Assumption 10 eliminated]
Hence Vy e N(z/ x 2/ =2y xy = 2’/ =0)
2?2 =2y = 2/ =0
Hence ' =0
x=21"=0
[Assumption 9, 8 eliminated]
2? = 2y*> = 2 =0 [Assumption 7 eliminated]
Hence Vy € N(z2 = 2y?> = x = 0) is true in this case.
Hence Vy € N(2? = 2y? = 1z = 0) [Assumption 6, Assumption 5 elimi-
nated]
(r < N+1) = Vy e N(2? =2y*> = 2 =0) [Assumption 4 eliminated]
VzeN@@ < N+1) = VyeN@?=2y> = z=0)
By induction, VN € NVz € N((z < N) = Vy € N(zxz =2yxy = z =0))
[Assumption 3 eliminated]
VeeN(z<N) = VyeNaxxzr=2yxy = x=0))
(r<N) = VWeNuzxr=2yxy = x=0))
N<N
Hence Vy e N(N x N =2y x y = N =0))
Hence Vz € Ny € N(2? = 2y? = z =0).
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23 (3z(A(x) = B) AVzA(x)) = B.
Proof:
Suppose Jx(A(x) = B) AVzA(z)
Then Jz(A(x) = B)
And VzA(x)
Let z satisfy A(x) = B
Then A(x) is true because VzA(x)
Hence B
Hence (3z(A(x) = B) AVzA(x)) = B.

24 VxeNIyeNQ2y==x(z+1))
You can use the fact that z is either even or odd, or use induction as follows:
Proof:
Induction on x
2x0=0x(0+1)
Hence 3y € N(2y =0(0 + 1))
Suppose Jy € N2y = z(z + 1))
Let y satisfy 2y = z(z + 1)
Then (z+1)((z+1)+1)=2(z+1)+ 2 +1) =2y +z+1)
Hence Jy e N2y =(x+1)((z+ 1)+ 1))
Hence by induction, Vo € N3y € N(2y = z(x + 1))

25 VneNL+>, k- -kI)=(n+1)!
Proof:
Induction on n
1+50_,0-00=1=(0+1)!
Suppose 1+ Y p_ k- k! = (n+ 1)!
L+ S0k k= (n+ D)+ (n+1) - (n+1)! = (n+2) - (n+ 1)l = (n+1) +1)!
Hence by induction, Vn € N(1+ >"7_ k- k!) = (n + 1)!

26 VreNIyeNVzeN((y<z) = (z<2?))
Proof:

r=0Vv1i<zx

Ifz=0

x < x?

If1<z
r=1lxzcz<zrxXxzr==x
Hence z < z? is always true.
Ifx<z

r<a?<?

Hence (z < 2) = (x < 2?%)
VzeN(x <2) = (< 2?)
JyeNzeNz<z) = (
Ve e NJy € NVz € N((y < 2

2

x < 22) (replacing the first = with y)
) = (z<2%)

66



27 VneNJyeNn?=4yvn? =4y+1)
Proof:
From Problem 20 above, Vn € N(3y € N(n = 2y) V 3y € N(n =2y + 1))
JyeNn=2y)vVIyeNn=2y+1)
Suppose Jy € N(n = 2y)

n? = 4y?

n? =4y’ vn?=4y>+1

Jy € N(n? = 4y vV n? = 4y + 1) (replace y? with y)
Suppose Jy € N(n =2y + 1)

n?=Q2y+1)2=4012+y)+1

n? =42 +y)vn? =4y +y)+1

Jy € N(n? =4y vV n? = 4y + 1) (replace y* + y with y)
Hence 3y € N(n? = 4y V n? = 4y + 1) is always true.
Vn € Ny € N(n? =4yvn? =4y +1)

28 Prove the following: (f(0) = 1A f(1) =1AVn € N(f(n+2) = f(n) +
f(n+1))) = Vn € N3z € N(f(3n + 2) = 2z). Hint: use induction.
Proof:
Suppose f(0) =1A f(1) =1AVReN(f(n+2) = f(n)+ f(n+1))
Induction on n
72) = £(1) + £(0)
Hence 3z € N(f( ): )
Suppose 3z € N(f(3n + 2) = 2z)
fBn+1)+2)=fBn+4)+ fBn+3)=f(3n+2)+2f(3n+3)
Let z satisfy f(3n+2) =2z
Then f(3(n+1)+2) =2(z+ f(3n+ 3))
Hence 3z € N(f(3(n+ 1) 4+ 2) = 2z)
By induction, ¥n € N3z € N(f(3n + 2) = 2z)
Hence (f(0) =1A f(1) =1AVn e N(f(n+2) = f(n) + f(n+1))) = Vne
N3z € N(f(3n +2) = 22)

£ =2
f(2

29 VXVYVf € YX((f is an injection AX # () = 3Jg € X¥Vz € X(g(f(z)) =
x)) (Hint: try to construct one such g)
Answer: (throughout the proof you can replace y = f(x
wish, but keep in mind that y = f(z) means (x,y) € f.)
Assume f € YX
Assume f is an surjection, and X # 0
Leta e X
Letg:Y = X be{(y,z) € Y xX : (z,y) € fV(x =ar—-Tz € X((z,y) € f))}
We now show that ¢ is a function:
LetyeY
If -3z € X((z,y) € f)
Then (z,y) € f is always false
Hence (y,2) €g <= z=a
Hence 3!z € X ((y,z) € g)

) with (z,y) € f if you
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If 3z € X((z,y) € f)
Then —3z(y = f(z)) is false
Hence (y,z) € g < (z,y) € f
Let x satisfies (z,y) € f
Then (y,z) € g
If (y,2') € g for some 2’ € X
Then (z/,y) € fA (z,y) € f
Hence x = x’ because f is an injection
Hence g € XY
Suppose © € X
Let y € Y satisfies (x,y) € f
Then (y,z) € g
Hence Vz € X (g(f(z)) = x)
Hence VXVYVf € YX((fis an injection A X # () = dg € X¥YVx €
X(g(f(2)) = 2))

30 Show that there is a bijection between the power set of R and the set of
functions from R to {0, 1}.
_J1 zeS
0 ¢S
It is evident that c is a function. Now we show that it is both an injection and
a surjection.
Suppose S, 8" € P(R) such that ¢(S) = ¢(S")
Suppose = € S
Then 1 = ¢(S)(z) = ¢(5")(x)
Hence © € S’
Similarly, x € 8’ = z € S
Hence c is an injection.
Suppose f € {0, 1}®
Let Z={zeR: f(z) =1} € P(R)
Suppose =z € R
IfxeZ
() () =1 = [(x)
fegZ
((2))(@) =0 = f(x)
Hence ¢(Z) = f
Hence c is a surjection.

Answer: Let ¢ : P(R) — {0, 1}¥ be (¢(5))(z)

31 Show that for any set X, there is a bijection from X to Map({0}, X)
defined by x — {(0,z)}.
Answer:
Let H be z — {(0,2)}.
Suppose z € X
Suppose a € {0}
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a=0
(a,7) € {(0,2)}
Hence Jy € X ((a,y) € {0,2})
Suppose (a,y) € {(0,2)}
Then (a,y) = (0,)
Hence y =z
Hence 3y € X((a,y) € {(0,2)})
Hence {(0,z)} € Map({0}, X)
Hence Vx € X3!f € Map({0}, X)(f = H(z))
Hence H is a function.
Suppose z, 2" € X
Suppose H(z) = H(z')
Then {(0,2)} = {(0,2")}
Hence (0,z) = (0,z")
Hence H is an injection.
Suppose f € Map({0}, X)
Suppose a € {0}
Then a =0
H(£(0))(0) = f(0)
Hence f = H(f(0))
Hence H is a surjection.

6.3.3 Workshop
32 (Va(f(g9(z)) =x)) = VaIy(f(y) = =)

Answer:
Assume Vz(f(g(z)) = x)
Then the predicate f(g(x)) = x is always true
Hence Jy(f(y) = =)
Because x is free in the previous line, Vz3y(f(y) = x)

So (Vz(f(g(x)) = x)) = VaIy(f(y) = )

33 VneNY " 2=2(n+1)
Answer:
Induction on n
Z?:o 2=2=2(0+1), hence it is true when n is 0.
Suppose > 1,2 =2(n+1)
Y 2=2n+1)+2=2(n+1)+1)
Hence by induction, Vn € N} /2 =2(n+1)

34 Vn € N(Z?ZO 24) +1 =27t
Answer:

Induction on n

(30,2 +1=1+1=20%"
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Suppose (31 27) + 1 = 2n+1
(Z?:ol 2) 41 = 2ntl 4 ondl — o(nt1)+1
Hence by induction, Vn € N(}_7 29) + 1 = ontl

35 V¥n € N3k e N(n <2F)

Proof:

Induction on n to show Vn € Nn < 2"

0<1=20

Suppose n < 2"
n+1<2041<2m 420 =20l

Hence by induction, Vn € Nn < 2"

n<2"

Jk e Nn < 2F

Vn € N3k € N(n < 2F)

36 YneN(n>1) = FkeN{(k>1)AknAVpeNplk = (p=1Vp=
k)))) (Recall that a|b means ¢ € N(b = ac))

Proof:

See example 27 in lecture notes.

37 VneNFkeN(n<k)AVpeNplk = (p=kVp=1))).
Proof:
n!l+1>1
From problem 2 above, 3k € N((k > 1) Ak|n!l4+1AVp e N(plk = (p=1Vvp=
k)
Let k satisfy (k> 1) AklnAVp e N(plk = (p=1Vp=k))
Suppose k <n
Then k|n!
Hence —k|n! + 1 due to remainder theorem
Contradiction.
Hence k > n
JFkeN((n<k)AYPeN(pk = (p=kVp=1))).
Yn € NGk e N((n < k) AVp e N(plk = (p=kVp=1))).

38 VzP(z, f(x)) = Va3yP(z,y)
Proof:

Suppose VaP(z, f(z))

P(z, f(x))

JyP(x,y) (replacing f(x) with y)
VadyP(x,y)

Hence Ve P(z, f(z)) = VaIyP(z,y)

39 VzeNEFyeNy>1A(ylz)Ay<z) = JyeN(y>1A(ylz)Ay? <))

Proof:
Suppose Jy € N(y > 1 A (ylz) Ay < x)
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Let y satisfy y > 1A (y|lz) Ay <
Let z satisfy z = yz
z > 1 (because y < x = yz)

y<zVz<y
Ify<z
Y <yzr=z

Hence y > 1A (ylz) Ay? < o

Jy e N(y > 1A (ylo) Ay? <))

Ifz<y

z2§yz:x

Hence z > 1 A (zlz) A 22 <z

Jy e N(y > 1A (ylz) Ay <))
Hence 3y € N(y > 1A (ylz) Ay <z) = Fy e N(y > 1A (y|lz) Ay? <)
Ve e NFy e N(y > 1A (ylz) Ay <z) = FyeN(y > 1A (y|lz) Ay? <x))

40 Vz e Ny e N((z <y) A (3](2Y +1)))
Hint: Calculate a few 2¥ + 1 for small y and try to see the pattern.
Proof:
Induction on x
(0<1) A2t +1)
Hence 3y € N((0 < y) A (3|(2Y +1)))
Suppose Jy € N((z < y) A (3[(2¥ + 1))
Let y satisfy (z <y) A (3|(2Y + 1))
Then x+1<y+2
Let z satisfy 2¥ + 1 = 3z
Then 292 +1 =4 x2Y +1=2Y+1+3 x 2¥Y = 3(2 +2Y)
Hence 3[2Y72 + 1
Hence 3y € N((z + 1 < y) A (3]|2Y 4+ 1)) (replacing y + 2 with y)
By induction, Yz € N3y € N((z < y) A (3|(2¥ +1)))

41 JeeNVz e N2" <n!+¢)
Before writing down a proof, try a few n and see that for Vo € N(2" < n! 4+ ¢)
to be true, ¢ must be at least 2.
Proof:
Use induction to prove that Vo € N(2" < nl 4 2)
20=1<3=0+2
Suppose 2" < n!+2
Ifn>2
2<n! 2l =2x2" <2(n!+2)<2n!+n!+2=3nl+2<(n+1)!+2
Ifn=0
2"l =2<3=(n+ 1) +2
Ifn=1
2l =4 <4=(n+1)+2
Hence 2" < (n + 1)! + 2 is true in all cases
By induction, Vo € N(2" < n!+ ¢)
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Jde € NVz € N(2" < n! +¢)

42 f(Vwa(f($> =9(y)) = Va(Fy(f(y) =) = Fy(g(y) = ))
Proo
Suppose Vz3y(f(x) = g(v))
Suppose Jy(f(y) = )
Let z satisfy f(z
Jy(f(2) = 9(y)
Let y satisfy f (z
Then g(y) =
Jy(9(y) :x)
Jy(fly) =z) = Fy(g(y) =)
Ve (Jy(f(y) =2) = 3y(g( ) =
(Vady(f(z) = g(y))) = Vz(3y(f

II&”

)
(Vr le used on the first line of the proof)
)

=()

43 Vz € NIz € N(2® = 2 + 32)

Proof:

Induction on =

0>=0+3x0

3z € N(0® = 0 + 32)

Suppose 3z € N(z% = z + 32)
Let z satisfy 23 = 2 + 32
Then (z+1)3 =2+ 1+ 3(2 + = + 2?)
Hence 3z € N(z% = x + 32)

Vz € N3z € N(23 = z + 32)

44 Prove that Vf € XX ((Vz € XTJy € X(f(f(y)) =) = (Vz € Xy €
X(f(y) = x))) (Hint: the rules about functions in first order logic apply to
functions in set theory also)
Answer:
Suppose f € XX
Suppose Vo € X3y € X(f(f(y)) =)
Suppose ¢ € X
Then 3y € X(f(f(y)) = ©)
Let y satisfies y € X A f(f(y)) ==
Then 3z € X(f(y) € 2) (because f € X*¥)
Let z satisfies z € X A f(y) =
Then f(z) =
Hence Jy € X (f(y) = z)
Hence Va € X3y € X(f(y) = x)
Vie X¥((Vr e XTy € X(f(f(y) =) = (Vo€ XTy e X(f(y) =1)))

45 Prove that for any set X, the function f : X — P(X) where f(z) = {y €

X :y # x} is an injection.
Answer:
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Suppose z € X, y € X
Suppose f(z) = f(y)

Then z & f(x)

Hence y ¢ f(x)

Hence —(y # x)

Hence y =z
Hence Vo € XVy € X(f(z) = f(y) = z=1y)
In other words, f is indeed an injection.

46 Show that f:7Z — Z, f(x) = 23, is an injection.
Answer:
Suppose z € Z
Suppose y € Z
Suppose f(z) = f(y)
Then 2° —y* = (z —y)(a® +ay +¢*) = (r —y)B(z +y)* + (z —y)*) /4 =0
Hence © — y = 0, hence = = y.
f is an injection.

47 If a function f : N — N is a surjection, and for any x,y € N, x < y implies
f(z) < f(y), then f must be identity. (Hint: use induction)
Answer:
Assume f: N — N is an surjection and that x < y implies f(z) < f(y)
Induction on n to show Vn € Nf(n) =n
Suppose f(0) >0
Suppose y € N
Theny >0ory=20
Hence f(y) > f(0) >0
Hence Vy € Nf(y) > 0
-3y € Nf(y) = 0, which contradicts with the assumption that f is surjection.
Hence f(0) =0
Suppose f(n) =n
Suppose f(n+1)>n+1
Suppose y € N
Theny<nory=n+lory>n-+1
Hence f(y) <n (wheny <n)or f(y) > f(n+1) >n+1 (wheny >n+1)
Hence -3y € Nf(y) = n + 1, contradiction.
Hence f(n+1) <n+1
fln+1)=n+1
By induction, f = idy
And the proposition is proved.

48 Vf e NVWn e NIM € NVz € N(z < n = f(z) < M). (Any function
f : N — N sends any subset of the form {1,...n} to a subset of some {1,... M}.
Hint: induction.) Answer:

Suppose f € NN
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Induction on n
Suppose r € N
x <0 = f(x) <0 is always true
Hence IM e NVz e N(z < 0 = f(z) < M)
Suppose IM € NVz € N(z <n = f(z) < M)
Let M € N satisfies Vo € N(zr <n = f(z) < M)
Let M’ be the larger number between M and f(n) + 1.
Suppose z € Nz <n+1
Then z <norx=n
Hence f(z) < M < M’ (when z < n) or f(z) < f(n)+1 < M’ (when x = n)
Hence Ve e Nz <n+1 = f(z) < M)
M eNVzeN@z<n+1 = f(z)<M)
By induction, the problem is proved.

49 VYa € Map(N,R)(VM € N\{0}IN € NVm € NVn € N((m > N An >
N) = |a(m)—a(n)| < 1/M) = VM € N\{0}3N € NVm € N¥n € N((m >
NAn>N) = |a(2™) —a(2™)| < 1/M))
Proof:
Suppose a € Map(N,R)
Suppose VM € N\{0}aN € NVm € N¥n € N((m > NAn > N) =
la(m) —a(n)| <1/M)
Suppose M € N\{0}
Let N satisfies Vm € N¥n € N((m > NAn > N) = |a(m)—a(n)| < 1/M)
Assume m,ne N, m >N, n>N
Then 2™ > N, 2" > N
Hence |a(2™) — a(2™)] < 1/M
Hence Vm € NVn e N((m > N An > N) = |a(2™) —a(2")| < 1/M)
AN e NVm e NYn e N((m > NAn>N) = [a(2™) —a(2™)| < 1/M)
VM € N\{0}3N € NVvm € NVn € N((m > NAn > N) = [a(2™)—a(2™)] <
1/M)
Va € Map(N,R)(VM € N\{0}3N € NYm € Nvn €e N((m > NAn > N) =
la(m) —a(n)| < 1/M) = VM € N\{0}3IN € NVm € N¥n € N((m > N An >
N) = [a(2™) — a(2")| < 1/M))

50 Let A= {n € N:n < 20}. Show that the relation R = {(a,b) € A x A :
a=>bVa+b=20} is an equivalence relation.
Proof:
Suppose a € A
Then a = a, hence (a,a) € R
Suppose a,b € A, (a,b) € R
Thena=0bora+b=20
In both cases (b,a) € R
Suppose a,b,c € A, (a,b) € R, (b,c) € R
Ifa=5
Ifo=c
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Then a = ¢, hence (a,c) € R
Ifb+c=20

Then a + ¢ = 20, hence (a,c) € R

Ifa+b=20

Ifo=c

Then a + ¢ = 20, hence (a,c) € R
Ifb+c=20

Then a = ¢, hence (a,c¢) € R

Hence R is an equivalence relation.

(6]



	First order logic
	Basic concepts
	The elements of the first order language, and the rules for deduction
	Examples for deduction in first order logic
	One can define some of the 5 logical symbols , , , -3mu, -3mu by the other symbols
	Negating a proposition
	Injections
	More tautologies in proposition logic

	A few more commonly seen logic symbols

	First order theory of natural numbers (First order Peano Arithmetics)
	New symbols and rules
	Some examples
	Properties of arithmetics
	Divisibility and comparison
	Formal and informal proofs
	Further examples on induction and proof writing
	The remainder theorem
	Alternatives to induction
	Primes

	Sets
	Definition of sets
	Basic concepts in set theory
	Some examples of proofs in set theory
	More examples of proofs
	Cardinality
	Equivalence class
	Indcutively defined functions
	Bijection and inverse
	Review

	Numbers and Proofs in Calculus
	Natural Numbers, Integers and Rationals
	Cauchy sequence, Reals
	Limit

	Final review
	Basic concepts
	Proofs
	Steps for writing proofs
	Some common strategies for proofs

	More Examples
	Further readings

	Solutions for all problems in midterm, homework and workshop
	True or false
	Exams and practice exams
	Homework
	Workshop

	Tests on basic concepts
	Exams and practice exams
	Homework
	Workshop

	Proofs
	Exams and practice exams
	Homework
	Workshop



